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Chapter 1

Introduction and Overview

Mathematical biology is one of the fast growing areas of interdisciplinary research.

The use of mathematics in biology and medicine increases as research in biological

and medical science becomes more and more quantitative and complex. On the other

hand, mathematics and computer science have developed new mathematical and com-

putational methods to solve complex mathematical problems. Thus, the basis was

created to apply mathematical formalisms to describe the complex processes of vari-

ous systems in biology and other scientific disciplines.

1.1 Interaction of Mathematics and Biomedical

Research

Looking at the development of sciences in the past years it can be recognized that the

different disciplines of research are successively tearing down separating walls and are

starting to cooperate in order to solve problems, or even grow together. Especially

in medicine the connection of biology and mathematics produced new approaches to

generate knowledge. The basic element in application of mathematics to other sciences

is the ”model”, which is used to translate ”nonmathematical” realities into mathema-

tical formalisms. The best known example is epidemiology, which connects research

on health and statistic models to produce new insights on the spread of diseases and

to implement the results in health policy making. Another area of medical research in

which mathematical flow models were early recognized to be the appropriate method is

pharmakokinetics. There, the key problem is to describe the distribution of substances

in the organ systems of the body as a function of time.

Mathematical models can support research in many ways:

• Models can help to understand complex systems by representation of the know-

ledge in a closed and uniform way.
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Figure 1.1: Generation of knowledge by interaction between biomedical research and
mathematics.

• Models can help to find gaps of knowledge and to build new hypothesis.

• Models can identify demand for experiments and help to design the setup.

• Models can indirectly produce information on parameters, which are biologically

hard to determine.

• Models can give medical assistance in diagnosis, prognosis and therapy.

The work done by biomathematics should not be seen only as simply combining bio-

logical facts and mathematical methods for calculations. Biomathematics should be

a permanent interaction between biomedical research and mathematics. For example,

mathematical models can help to give explanatory approaches and to set up new hy-

pothesis. These hypothesis can be proved or rejected by biology and medicine and

then improve the models. On the other hand, mathematical research is stimulated

by the demand of methods and applications. This way the search for ”reality” is an

interacting process from two complementary sides, like vizualized in figure 1.1.

As can be seen mathematics have been established now in many areas of biomedical re-

search. However, the development of interdisciplinary sciences such as biomathematics

is still in progress.
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1.2 Biomathematical Models and Hematopoietic

Radiation Effects

In the case of accidental acute or chronic irradiation of humans one of the basic prob-

lems for diagnosis and therapy is the assessment of the degree of damage to the

hematopoietic system. Often diagnosis and therapy is based on radiophysical dose

estimations. But these are not very helpful for the medical management of patients

in the first days after a radiation accident as not much is known about the course

of the events, the radiation quality, and the absorbed dose. Furthermore, physical

information on exposure doses are not sufficient for valid conclusions on the effects

to the organism. Basis for the assessment and therapy of radiation accident victims

should rather be clinical indicators, which do not depend on complicated physical dose

evaluations and individual radiation sensitivities.

The Radiation Medicine Research Group of the University of Ulm, which also has

the mandate of a WHO-Collaborating Center for Radiation Accident Management,

investigates the effects of ionizing irradiation to the human organism. The objective

of this group is to elaborate methods of diagnosis and therapy for the management of

radiation accident victims. This research work is based on the evaluation of patient

data stored in a database on radiation accidents of the past.

One of the essential tasks after or during radiation exposure is the assessment of the

degree of damage to the hematopoietic stem cell system. If the damage of the stem cell

pool can be recognized early to be reversible, a therapy with blood substitutes can be

sufficient to bridge a critical phase. In the irreversible case, a stem cell transplantation

therapy has to be applied. This restoration of the hematopoietic system is a decisive

factor for the prognosis and therapy, since damages of the stem cell system can result

in life threatening low peripheral blood cell numbers. For example, the granulocyte

and platelet nadirs lead to infections and bleedings.

Direct diagnosis of the degree of damage of the stem cell pool is very difficult. The

bone marrow is distributed throughout the whole skeleton and thus local inhomogeni-

ties of bone marrow damage can disturb diagnostic methods. On the other hand, one

can recognize characteristic patterns in the blood cell numbers after irradiation as a
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function of time. An exact understanding of the cell production mechanisms of hema-

topoiesis is the prerequisite for the analysis of the effects of ionizing irradiation to the

stem cell pool and the resulting disturbances of cell numbers in the peripheral blood.

An appropriate representation of this understanding of hematopoietic mechanisms is

the closed representation of the knowledge and assumptions about hematopoiesis in

the form of a biomathematical model.

1.3 Objectives of the Presented Thesis

The work presented in this thesis are mathematical model based approaches for the

analysis of radiation effects on the hematopoietic and in particular on the thrombo-

cytopoietic system. The methods developed are supposed to give explanations for the

dynamics of the hematopoietic system under certain irradiation patterns. In particu-

lar, the following questions are points of interest:

• Is it possible to reflect the process of thrombocytopoiesis in a biomathemati-

cal model representing the development from the pluripotent stem cell to the

thrombocyte?

• Is it possible to simulate, with appropriate model extensions, the effects of acute

irradiation to hematopoiesis?

• Is it possible to estimate the surviving fractions of pluripotent stem cells after

irradiation based on blood counts and model based estimation methods?

• How is the surviving fraction after irradiation of pluripotent stem cells related to

the severity of the hematological manifestation of the acute radiation syndrome?

• Is it possible to simulate the effects of chronic irradiation to hematopoiesis?

• In which way does permanent excess cell loss caused by chronic irradiation in-

fluence the hematopoietic stem cell system?

• How are microdosimetric hits on the cellular level correlated with the excess cell

loss rate under chronic radiation exposure?
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To answer these questions, biomathematical methods for calculation of model param-

eters have to be developed and the biological realities and mathematical techniques

for modeling have to be combined. Thus, relevant biological and mathematical back-

grounds, which are necessary for developing a biomathematical model of thrombocy-

topoiesis, have to be identified. Mathematical methods for the evaluation of results of

biological experiments have to be selected or developed. A basic mathematical model

of thrombocytopoiesis has to be constructed and validated. To simulate the effects of

acute and chronic irradiation on the thrombocytopoietic system, it is necessary to set

up the appropriate model extensions for reduced and injured stem cell populations,

and permanent excess cell loss.

An estimation routine for remaining and injured stem cell numbers after acute irradi-

ation has to be developed and implemented.

In the case of chronic irradiation, an estimator for radiation induced excess cell loss

rates has to be set up.

These estimation problems require the construction of least-square estimators based

on the extended models and nonlinear optimization routines.

Microdosimetric calculations based on linear energy transfers in tissue and photon

energies have to be performed for the comparison of estimated excess cell loss to

particle traversals on the cellular level.

1.4 Overview on the Thesis

This thesis shows the application of mathematical models in the analysis of the effects

of acute and chronic radiation exposure to the hematopoietic system.

Chapter 2 Material and Methods explains the relevant backgrounds of biology, math-

ematics, computer science, and data processing. In particular it shows the methods

applied to construct the model of thromobocytopoiesis.

Chapter 3 Results describes the constructed model of thrombocytopoiesis in rodents

and the results of the application of extended models to data of animal irradiation

experiments and humans who were involed to radiation accidents.
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Chapter 4Discussion compares the constructed model and the applications to previous

work done by different authors. The methods developed for the application of extended

and modified models to radiation effects are discussed regarding their application in

research and clinical use.

Chapter 5 Summary comprises the most important steps of development, validation,

modification, and application of the modeling work. In addition, further developments

and future goals are outlined.
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2.1 Biological and Radiological Aspects

For understanding and modeling the process of thrombocytopoiesis a detailed know-

ledge of some biological aspects is necessary. This chapter gives a short introduction

to the most important aspects regarding the cell physiological backgrounds of hemato-

poiesis and thrombocytopoiesis in particular and of experimental techniques to study

the relevant parameters of cell turnover.

2.1.1 The Physiology of Hematopoiesis and

Thrombocytopoiesis

The basic elements of hematopoiesis and thrombocytopoiesis are cells with their phy-

siological characteristics. Mostly all experimental techniques and modeling approaches

as well as radiation effects on hematopoiesis take place on the cellular level. The first

step for modeling the dynamics of cellular tissues is to understand the ”life cycle” of

the cell.

2.1.1.1 Cell Cycle

The term cell cycle is generally used to characterize the series of phases that occur

as a sequence of events in the process of cellular division like ( figure 2.1). Some of

these phases are characteristic for proliferating (dividing) cells, and thus by counting

the frequency by which these phases occur one can assess the proliferative activity of

a cell population. The cell cycle phases can be described by the following items:

• Interphase

This phase denotes the time between (”inter”) two mitoses and can be substruc-

tured into:

- G1 phase (Gap1, presynthetic phase, postmitotic phase)

In this phase the cell performs its specific functional activities, like syn-

thesis of proteines and RNA. The time spent in this phase is extremely

variable and depends on many factors, like organ, stimulation, and inhibi-

tion. Strongly proliferating cells show a short G1 phase, nonproliferating

cells a very long one.



2.1 Biological and Radiological Aspects 9

G1

M

G2

S G0

Differentiation

Active

Cell Cycle

Resting

Phase

Stimulation

Figure 2.1: Subdivision of of cells in resting and actively proliferating cells by cell
cycle characteristics.

- S phase (DNA synthesis)

In this phase the cell synthesizes DNA (Deoxyribonucleic Acid) for the

duplication of the cell nucleus. The time interval needed for the S phase is

approximatly constant within one species. For measuring DNA synthesis

times, cells can be labeled by incorporation of radioactive DNA precursors

such as 3H-thymidin.

- G2 phase ( Gap2, postsynthetic phase)

A short period before subsequent division.

• M (mitotic phase, phase of cell division)

Within this phase the cell performs nucleus and cell division including identical

replication of the chromosomes.

• G0 phase (resting phase)

Some cells are able to become proliferatively inactive within the G1 phase and get

”arrested” in the so called G0 phase, until they are activated again (”triggered”)

by a special stimulus. This feature is characteristic for the stem cells.

Reviews on this topic can be found in [46] [27].

If one knows the times or the time ratios of the different phases, especially the dura-

tions of the S phase and the cell generation cycle, information on the proliferation and

maturation of cell populations can be derived, for example, by single cell autoradio-

graphy [4] [25].
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2.1.1.2 Biological Model of Hematopoiesis

The cells of the peripheral blood are nearly completely produced in the bone marrow,

which is located in the cavities of the bones of the skeleton. Bone marrow can be

differentiated into the red and the yellow bone marrow. The red bone marrow is the

part that is actively participating in the production of blood cells and is colored red

by erythrocytes and their precursors. The yellow bone marrow contains mainly fat

cells and is normally not involved in hematopoiesis. It can be activated and changed

to active hematopoietic tissue on demand. The blood producing cells are embedded

in a cellular bone marrow matrix, the stroma.

The stem cells, their progenitors, and the precursors of the different cell lineages of

the blood (erythrocytes, granulocytes, thrombocytes, and lymphocytes) reside in the

bone marrow. According to the names of the several blood cell populations the cell

renewal processes of these lines are called erythropoiesis, granulocytopoiesis, throm-

bocytopoiesis, and lymphocytopoiesis.

Todays knowledge of on the structure of hematopoiesis can be summarized in a ”biolog-

ical” model of hematopoiesis (figure 2.2) following Heimpel and Pruemmer [38]. This

model is derived from morphological observations, microkinematographic techniques,

cell colony experiments, labeling experiments and others. Following this model all

blood cells derive from the pluripotent stem cell pool. The term ”pluripotent” means

the ability to generate all blood cell lines and the potential of live long (unlimited)

self replication. During their development from the pluripotent stem cells to fully

differentiated cells they perform multiple divisions and differentiations. With increas-

ing differentiation they loose the pluripotent features and become continously more

committed to a certain cell line and will finally differentiate into peripheral blood

cells. Hematopoietic cells can be structured into pluripotent stem cells, noncommit-

ted progenitor cells (cells which are capable to generate mixed colonies of different

hematopoietic cell lines), committed progenitor cells (cells which are determined to

develop into one certain cell line), precursor cells and differentiated cells [74].

The circles in figure 2.2 mark the steps of thrombocytopoieis, which is the basic bio-

logical model used for building the mathematical model.
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Figure 2.2: The biological model of hematopoiesis in mammalians and humans fol-
lowing Heimpel and Pruemmer [38].

2.1.2 Cell Development Stages of Thrombocytopoiesis

The term thrombocytopoiesis summarizes the process of the production of blood

platelets in the mammalian organism. This process follows different stages of cellular

development (figure 2.2), starting at the level of the pluripotent stem cells.

2.1.2.1 Pluripotent Stem Cells (PS)

Following todays knowledge on hematopoiesis it must be assumed, that the source

of all blood and lymphatic cells are the pluripotent stem cells (PS), which are found

mainly in the bone marrow and at comparatively low concentrations in the blood. In

rodents, stem cells are also found in the spleen. Pluripotent stem cells are morphologi-

cally not recognizable and can not be differentiated exactly by labeling techniques. As

pluripotent stem cells have the capability of unlimited self replication, they are able to

maintain their own cell population and the blood cell production of the organism for

its whole life time (unless severe disturbances occur) [74]. In the steady state system

on average every second cell leaves the stem cell compartment for differentiation, the
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Figure 2.3: The assumption of an inhomogenous pool of pluripotent stem cells based
on a continously changing self replication probability.

other remains to maintain the number of pluripotent stem cells at a constant level

(asymmetric divisions). Estimations of the concentration of earliest pluripotent stem

cells in bone marrow are in the area of about 10−5 [95]. Only about 10% of these cells

are active in cell cycle [41], the rest remains in a resting phase, until they are triggered

into activity [32]. This shows the great redundancies of the hematopoietic system. Self

replication probabilities for different kinds of pluripotent stem cell populations are es-

timated to be 0.5-0.63 [70] for the murine CFU-S (Colony Forming Unit - Spleen) cells,

which are histogenetically near to the pluripotent stem cells, by a method developed

by Vogel [97]. For fetal liver cells of dogs self replication probabilites of 0.5-0.95 are

estimated [31]. CFU-S are in general observed with a frequency of about 5-30 ·10−5

in bone marrow cells of mice [70].

The different self replication probabilities and other experimental results summarized

by Metcalf [70] show that the pool of pluripotent stem cells itself is a heterogenous

population of cells regarding the self replication probability. It is assumed, that within

the stem cell population the self replication probability is a size which decreases conti-

nously with the development of the cell. Figure 2.3 shows the assumed inhomogeneity

in the pool of the pluripotent stem cells, the location of the CFU-S in the scale of

possible self replication probabilities and the resulting ability of unlimited or limited

self replication.
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2.1.2.2 Noncommitted Progenitor Cells

The next known development stage of hematopoiesis are noncommitted progenitor

cells. These cells are not able of unlimited self replication like the pluripotent stem

cells, but can produce two or more different blood cell lines in one clone. One popu-

lation of uncommitted progenitor cells, which are able to produce all blood cell lines

in one clone are usually called myelopoietic stem cells [38]. Lymphocytopoietic cells

are assumed to derive from another early progenitor cell (see figure 2.2). An in vitro

example for this cell population is the CFU-GEMM (Colony Forming Unit - Gran-

ulocyte, Erythrocyte, Monocyte, Megakaryocyte) which can produce the given four

cell lines. Their plating efficiency is estimated to be about 0 − 4 · 10−5 [69] in bone

marrow cells. Other uncommitted progenitor cells are found to produce granulocytes

and macrophages [95] and many other combinations [90].

2.1.2.3 Committed Progenitor Cells

The committed progenitor cells have lost the potential to differentiate into different

blood cell lines and can only develop into one special cell line. They form colonies in

the bone marrow, from which the different terminal blood cells derive. In the case of

the thrombocytopoietic line these cells are called CFC-Mk (Colony Forming Cells -

Megakaryocyte). In vitro examples are the CFU-Mk (Colony Forming Unit - Mega-

karyocyte) [65] and the earlier BFU-Mk (Burst Forming Unit - Megakaryocyte) [65].

Like most ”early stage” cells they can not be identified morphologically, cytochemi-

cally or immunologically [67]. In experiments concentrations of about 1-2.4 ·10−4 [99]

and 3.67 · 10−4 for CFU-Mk [65] and 7.3 · 10−5 for BFU-Mk [65] were found.

2.1.2.4 Precursor Cells

The terms ”precursor cells” and ”progenitor cells” are not strictly separated and are

used in an ”overlapping” manner. For example, on the one hand CFU-Mk are called

megakaryocytic precursors and on the other hand (in connection with stem cell re-

search) they are termed committed progenitors.
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2.1.2.5 Transitional Cells

Between the committed progenitors and the morphologically recognizable megakary-

ocytic precursors there is a ”transitional stage” of cell development. It is assumed,

that in this phase the cells change their mitotic activity from proliferation to en-

doreduplication which proceeds in the morphologically recognizable megakaryoblast

stage [77]. Identifyable cells in this phase could be the small acetylcholinesterase pos-

itive (AChE+) cells [63] [66].

2.1.2.6 Megakaryoblasts

Megakaryoblasts are the direct progenitors of the megakaryocytes. They are observed

to endoreduplicate and become morphologically recognizable at a ploidy value of about

4N to 8N [77] (see next chapter).

2.1.2.7 Megakaryocytes

The megakaryocytes are very large bone marrow cells, which are easy to distinguish

morphologically from other cells. For this reason this development stage is very well

known and explored regarding cell kinetic dynamics. The second very characteris-

tic feature of the megakaryocytes is polyploidy (i.e. multiple sets of chromosomes).

Polyploid cells are more powerful in the production of cytoplasm compared to nor-

mal mononuclear cells [46]. Shifting ploidy is an important reaction mechanisms of

the platelet system to disturbances. Endomitotic duplications of nuclei were observed

directly with the help of microkinematographic techniques by Boll [3]. The most fre-

quent ploidy classes are 8N, 16N, 32N and 64N, where the xN numbers denote the

number of (haploid) chromosome sets. After maturation the megakaryocytes break

into many little fragments, the blood platelets or thrombocytes. During this fragmen-

tation phase they form strings, the proplatelets, which brake into single platelets. At

the end of this process the naked nucleus remains, which has lost mostly all of its

cytoplasm. Estimations for the platelet productivity vary from 1500 to 4000 platelets

per megakaryocyte [2] [28].

Megakaryocytes can be subdivided into several differentiation stages. These stages

are difficult to handle since they differ in terminologies and biological criteria for the
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groups are used by different authors and thus are in general not easy to compare. For

this reason it was avoided to use these differentiation stages as far as possible.

2.1.2.8 Thrombocytes

The thrombocytes or blood platelets are not complete cells but disk shaped cell frag-

ments without nuclei. The platelets fulfill an important function in homeostasis. If the

platelet level decreases under certain levels (less than about 10%) bleeding can not be

stopped by the organism. Even spontaneous bleedings which are typical for a severe

acute radiation syndrome can appear. The platelets are renewed with a turnover time

of 8-10 days in man and 4 days in rodents [5].

2.1.3 Compensation Mechanisms of Thrombocytopoiesis

For maintainance and reconstitution of hemostasis the organism actively controles

physiological processes to correct deviations after disturbances. In hematopoiesis this

is done by different mechanisms, which are explained in the following paragraphs.

2.1.3.1 General Reaction Mechanisms of Cell Populations to

Disturbances

Cell populations with fast cell turnover are able to react to disturbances in certain

ways:

• Enhancement of the fraction of actively proliferating cells

Cellpools, which have high reserves in their production potential normally keep

a part of cells in an inactive phase, the G0 phase, which can be activated on

demand.

• Variation of the number of cellular divisions in a certain stage

In every development stage a certain average number of divisions is performed

per time unit. Enhancement of this number increases cell production.

• Variation of differentiation times

Cells can develop slower or faster into the following stage by decreasing and

increasing their maturation ”speed”.
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• Variation of cell numbers

Cell numbers can be controlled to vary cell production or to repopulate damaged

cell pools.

2.1.3.2 Special Reaction Mechanisms of the Stem Cells

Pluripotent stem cells and stem cells with limited replicative potential can alter their

self replication probability. This probability determines the average replication rate of

stem cells and thus how many cells leave the stem cell pool and how many cells remain

for maintainance of the pool or its reconstitution after damage. In the steady state

this replication probability amounts 0.5. This means, that for every cellular division

one cell remains in the pool. Thus, the total amount of cells is held at a constant

level [74]. For reconstitution of the pool the replication probability can be raised to

a higher value depending on the special type of the stem cells regarded(CFU-S, fetal

liver cells ...) [97] [70] [72] [31].

2.1.3.3 Special Reaction Mechanisms of the Megakaryocytes

One special mechanism of megakaryocytes to react to disturbances in the thrombo-

cyte count of the peripheral blood has its roots in the polyploidy. If the thrombocyte

renewal system is stressed such as by exchange transfusion with platelet poor blood,

the megakaryocytes react by shifting their ploidy distribution. In the case of throm-

bocytopenia the modal ploidy number is shiftet against higher values, in the case

of thrombocytosis against lower [75] [78] [36] [60]. Additionally, a shift of the mean

megakaryocyte volume within ploidy classes is observed [22] [36].

2.1.4 Hematological Experiments

The structure of the mathematical model follows the biological model of thrombocy-

topoiesis. The parameters of the model are derived and calculated from experimental

results.
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2.1.4.1 The Meaning of ”in vivo” and ”in vitro” Techniques

The most principal distinction of experimental techniques in cell biological research

is given by the terms ”in vivo” (Latin, ”in the living”) and ”in vitro” (Latin, ”in

the glass”). ”In vivo” experiments are performed in the living organism and results

show information about cells in the (in the ideal case) undisturbed system. Typical

examples are the single cell autoradiography techniques with 3H-thymidin. ”In vitro”

experiments are performed with cells outside of the body and thus results are allways

endangered to be so called artefacts, which are not reflecting the reality in the organ-

ism. These difficulties and dangers always should be considered when in vitro results

are interpreted.

2.1.4.2 Labeling Experiments in General

One group of methods in cell research is the labeling of (certain) cells with different

techniques. In the case of chemical or surface markers, labeling can simply be used

for cell counting. With the help of DNA labeling more sophisticated experimental

designs are possible, such as tracing cells via several development stages or observing

cell turnover dynamics. For example, fast decrease of radioactivity would support the

assumption of short turnover times. In the opposite, slow decrease would support long

turnover times. Here the emptying dynamics are used. Sometimes it is possible to con-

sistently label cells in a certain precursor development stage and observe the occurence

of the marker in the following stages. Here the filling (and emptying) dynamics are

used for evaluation. However, common basis for all labeling experiments is selective

labeling of certain types of cells, cell cycle phases or cell development stages [70].

2.1.4.3 DNA Labeling with Radioactive DNA Precursors

Labeling of cells is done by radioactive labeled precursors of DNA, which after injection

into the organism are available for a short time (about 30 minutes) and are incorpo-

rated into the DNA of cells which are in the S-phase during this availability time.

A so called ”flash labeling” of the DNA synthesizing cells is done. One example for

this kind of techniques is the single cell autoradiography with 3H-thymidine (tritium

labeled thymidine). Following the radioactivity in the DNA of cells, the labeling can
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be detected by high resolution autoradiography of single cells and by radiochemical

analysis of tissue samples. As a consequence, the labeling can be observed at a cellu-

lar and subcellular level, which makes it possible to estimate turnover times and flow

rates in cell renewal systems such as the bone marrow or the blood. Serial sampling of

such tissues allows one to follow the cohort of labeled cells from the proliferating pool

through the maturing and functional pools. By estimating the percentage of labeled

cells and counting the number of grains in the autoradiographic photo emulsion per

cell certain kinetic parameters of cell populations can be derived. Thus, autoradio-

graphy provides a method to calculate flow and production rates of various cell pools.

The following determinations have been established:

• Flow of labeled cells through mitosis

A method for determining cell generation times is the observation of the appear-

ance and dissappearance of labeled mitoses as a function of time after flash la-

beling with tritiated thymidin. By correct interpretation this provides a method

for determination of cell generation times in tissues.

• Labeling index

The labeling index Il is defined as the total number of labeled cells NS (cells

in S-phase) divided by the total number of cells in the population N . Under

ideal conditions Il equals the DNA synthesis time tS divided by the average cell

generation time tG:

Il =
NS

N
=

tS
tG

(2.1)

• Grain count reduction

In a (idealized) self-sustaining cell population the time for halving of the mean

grain count would equal the average cell generation time. Under real conditions

normally one has to deal with concatenated cell pools. As a consequence, the

grain count reduction is mainly determined by the cell pool with the longest

turnover time.

• Flow of labeled cells into an unlabeled, nondividing compartment

By determining the labeling index of a nondividing cell compartment the transit
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characteristic can be calculated. The basic assumption for calculation is the

presence of a labeled inflow into an unlabeled compartment.

The listed techniques were reviewed by Bond [4] and Feinendegen [25].

2.1.4.4 Chemical Cytoplasm and Surface Labeling

With cytoplasm and surface labeling techniques cells are marked by certain chemical

substances. For instance bone marrow and blood cells can be classified into different

groups (eosinophiles, basophiles, ...) by such methods. For the megakaryocytic line

acetylcholinesterase (AChE) is used which can be detected by chemical reactions.

Cells that show acetylcholinesterase positive reactions are often called AChE+ cells

and appear in the later development states of megakaryocyte precursors [63] [66].

Chemical labeling can be used for detecting certain types of cells. Cell kinetics can

not directly be measured. Applications relevant for modeling cell systems are for

instance determinations of concentrations of certain cell types such as megakaryocytic

transitional cells [66].

2.1.4.5 Antibody Labeling

In the last years new labeling methods with antibodies were developed. Antibodies

bind to certain surface antigens and can be used for specifying certain cell types. Well

known example is the CD34+ reaction, which characterizes the early stem cells and

disappears with maturation of the cells. Immune marker technology can be regarded as

the current state-of-the-art method for separation of morphologically not differentiable

cells. CD means ”Cluster of Differentiation” and a CDx cluster describes a group of

antibodies, which react in a certain manner on different tissue or cells types [51].

Similar to chemical markers, immune markers are used for the detection of certain cell

types and cell concentrations.. Direct measurement of cell kinetics are not possible.

2.1.4.6 Highly Specific Radioactive DNA Precursor Suicide Techniques

Some highly specific radioactive DNA nucleotides like special 3H-thymidin types, which

are very intensively enriched by tritium, are able to kill cells by radiation after incor-

poration into the nuclei. This process is comparable to single cell autoradiography by
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radiation from within the cells but with the difference that here the activity of radia-

tion is strong enough to destroy the cell. For this reason the term ”suicide techniques”

is used. Since again a flash labeling is assumed one can estimate the number of cells

in S phase by counting the fraction of killed cells [32].

2.1.4.7 Cytostatic Agents

Cytostatic agents are commonly used to destroy or damage cells, which are actively

proliferating. Fast proliferating cells are destroyed to a greater extent than slowly

dividing populations. Further, some cytostatic agents show their effects only in cer-

tain phases of the cell cycle. In this way dividing cell populations can sometimes be

synchronized in their cell cycles. In hematological research cytostatic agents such as

5-fluorouracyl (5-FU) and hydroxyurea are used to destroy fast dividing progenitor

and precursor cells for observing the reactions of the hematopoietic system to this

kind of cell loss, for getting information about the proliferative activity, or to receive

a higher concentration of early stem cells in cell preparations. Further information is

provided by Chabner [16], Metcalf [70], and Calabresi [13] [12].

2.1.4.8 Cell Colony Experiments

Cell colony experiments are typical in vitro experiments, in which selected or uns-

elected bone marrow cells are grown to colonies and observed. They serve to get

information on proliferative potential, cell cycle times and differentiation potential of

the cultivated cells. From these techniques derive the terms CFU (Colony Forming

Unit) or BFU (Burst Forming Unit) which describe the patterns in which the colonies

grow [70].

2.1.4.9 Ex-Colonization Technique

One technique that delivered a lot of the basic knowledge in hematological research

is the ex-colonization technique for stem cells in mice. It was developed by Till and

McCulloch. In these experiments, cells harvested from the bone marrow of one mouse

are injected into another (lethally irradiated) mouse. After a certain time special

cell colonies that grow in the spleen are investigated. The cells of interest in these

experiments are called CFU-S (Colony Forming Unit - Spleen) according to their
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occurence in the spleen and were the first direct experimental evidence for the existence

of pluripotent stem cells in the hematopoietic system of the mouse. The technique is

not applicable to other species.

The different applications of the CFU-S techniques were reviewed by Quesenberry [80]

and Nothdurft [74].

2.2 Data on Irradiation

2.2.1 Data of Irradiated Humans

Data from radiation accidents were used for the estimation of remaining stem cell

numbers of irradiated humans. These data have been collected in a database in our

institute since 1990 [29]. The collection of data was performed in two steps:

• Collection of data from individual patient files into standardized questionnaires.

• Transfer of the data from the questionaires to a computer database.

The data are currently stored in an ORACLE 8 r© database management system

(DBMS) which runs under the operating system SOLARIS 7 r© on a SUN SPARC

ULTRA 10 r© workstation. Patient data can be retrieved by software applications

like graphical user interfaces (GUIs), statistical and numerical software systems like

SAS r© and MATLAB r© , and by special application programmer interfaces (APIs) via

standard query language (SQL).

2.2.2 Data of Chronically Irradiated Dogs

The data used in the chapters on chronic irradiation were taken from a long time

irradiation experiment on beagle-dogs performed at the Argonne National Laboratory,

USA. In this experiment, groups of dogs were livelong exposed to different levels of

gamma-irradiation from a sealed 60Co radiation source. The animals were exposed

about 23 h per day, the remaining one hour was necessary for the daily care for the

dogs. The data sets were obtained directly from Dr. Fritz and Dr. Seed from Argonne
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Laboratory in form of an ORACLE r© database dump file and imported into our local

database system which is described above in 2.2.1.
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2.3 Mathematical Techniques and Methods

2.3.1 Selection of the Modeling Technique

One of the first basic decisions to be made for building a model of a system is to

identify the appropriate kind of modeling perspective. If hematopoiesis is analyzed

on the level of single cells, the model is a so called ”microscopic” model. The term

”microscopic” here is not used in an ”optical” meaning. The other perspective is the

macro level of cell populations. A model which deals with entire cell populations as

basic elements would be a ”macroscopic” model. Macroscopic models consist in general

of several state variables which pool large sets of single objects or characteristics of

these together into one or several model variables. In opposite, microscopic models

concentrate on the single objects. In the case of thrombocytopoiesis one has to model

cell populations with numbers of 105 to 1012, in which the fate of single cells is not of

interest. The appropriate technique in this case is a macroscopic one.

Examples for both modeling perspectives are simulations of traffic. For modeling large

amounts of vehicles on highways macroscopic techniques based on theoretical fluid

mechanics are used, whereas for simulating the traffic on small crossroads microscopic

approaches with stochastic models for single cars are in use. Another example is the

treatment of gases in physics. In the microscopic perspective a gas consists of particles

which move in a stochastic manner. In the macroscopic perspective which is used in

most technical tasks, gases are described by variables, which do not characterize single

molecules but all together, like pressure, volume and temperature.

2.3.2 Important Aspects of Biomathematical Modeling

For the building of biomathematical models mathematical and biomedical aspects have

to be considered:

• The variables of the model should be biologically interpretable. Disregarding

this aspect would lead to models that are not capable to help explaining the

”real” system.
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• This condition of interpretability is essential for verification and validation of

models.

• For the work in interdisciplinary projects in which mathematics, biology, medicine

and informatics interact, a certain amount of flexibility of the modeling technique

should be guaranteed.

• The ”computerized” model should be able to perform the simulations in a suit-

able time. This is essential for using the model in connection with iterative

optimization algorithms. For this it is necessary to perform up to several hun-

dred single simulations. The difference between 10 and 100 seconds simulation

time, which does not matter very much in single simulations then becomes a very

important factor. An ”economic” cost efficiency analysis in the case of including

more complexity into the model should always be done.

• As a condition for most optimization routines the model should behave in a

mathematical ”friendly” way. This means that the model outputs should be at

least continous. This problem appears for example when delay times have to be

modeled.

• A perhaps trivial but nonetheless essential point to consider is the availability of

suitable software. This implies numerical stability, financial aspects, flexibility

and others.

For modeling cell proliferation systems compartment models based on ordinary differ-

ential equations (ODEs) have been established as an approved methodology. Other

modeling approaches (in different scientific or industrial areas) work with stochastic

and partial differential equations, but are difficult to apply because no established soft-

ware solutions exist. For models built with ODEs a set of often applied and flexible

software packages like MATLAB r© , MAPLE r© , and MATHEMATICA r© are available.

2.3.3 Compartment Models

The term compartment in this context denotes a functional unity. In a compartment

model for cell proliferation systems the cell groups, which are regarded to be homoge-

neous in a macroscopic view, are pooled together into compartments. More generally
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Figure 2.4: The single cell compartment with inflow, outflow and cell production as
the basic element for modeling cell proliferation.

defined a compartment model is a model of cells (”compartments”) which interact via

exchange of material or information [45], [68]. The basic unit of such a model shows

figure 2.4.

In general cell compartments can be separated in two classes:

• Functional compartments

Cells are pooled by functionality, such as stem cells or platelets.

• Anatomical compartments

Cells are pooled by locations in the body (organs or organ systems), such as

bone marrow, spleen, or lung.

In the proposed model only functional compartments are used.

2.3.4 Mathematical Description of Compartment Models

This subsection explains the mathematics used in the theory of compartments models.

2.3.4.1 Mass Balance Equations

The variation of the content of a compartment per time unit can be calculated by the

inflow into the compartment per time unit less the outflow per time unit. This can be

formalized using a first order differential equation, the so called mass balance equation

ẋ = u(t)− y(t), x(0) = x0 (2.2)
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with the following denotations:

x(t) = content of the compartment at time t (2.3)

ẋ(t) = temporal derivative
dx(t)

dt
at time t (2.4)

u(t) = inflow per time unit at time t (2.5)

y(t) = outflow per time unit at time t (2.6)

x(0) = content of the compartment at time 0 . (2.7)

Biologically, an inflow into a compartment is caused by differentiation from other func-

tional compartments or inflow from anatomical compartments. Outflows are caused

by differentiation into other functional compartments or outflows into other anatom-

ical compartments. When applied to cell proliferation systems, another part, α(t),

has to be added to the cell balance equation 2.2, to reflect the normal physiological

production of cells (cellular division) and cell death in the formalism:

ẋ(t) = u(t) + α(t)− y(t), x(0) = x0 (2.8)

where

α(t) =
cell production at time t

time unit
− cell destruction at time t

time unit

2.3.4.2 State Space Equations

In the general notation of state space models the following formalisms are used: If

i, j are compartments then the λi,j is called the flow rate from compartment i to

compartment j. The index 0 denotes external outflows into the environment. External

inflows are abbreviated with ui and production rates with αi. The flow rates and the

production rates in general depend on the model state variables xi, i = 1...n, time,
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and other parameters. This is written using

λi,j = λi,j(~x, t, ~θ)

αi = αi(~x, t, ~θ)

with the following definitions:

~x denotes the vector of state variables.

t denotes the time.

~θ denotes the vector of other influencing parameters.

For the differential equations of the n state variables xi, i = 1...n one gets the general

linear mass balance equation:

ẋi(t) = ui(t) + αi(t) · xi(t) +
n∑

j = 0

j 6= i

λj,i(~x, t, ~θ) · xj(t)−
n∑

i = 0

i 6= j

λi,j(~x, t, ~θ) · xi(t)

(2.9)

In vector-matrix notation this can be written as:

~̇x(t) = A · ~x(t) +B · ~u(t) (2.10)

~y(t) = C · ~x(t) +D · ~u(t)

~x(0) = ~x0

with

A = (ai,j)nXn, B = InXn (2.11)

C = (ci,j)nXn, D = 0nXn
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and

ai,j = ai,i = αi(~x, t, ~θ)−
n∑

j = i

j 6= i

λj,i(~x, t, ~θ), i = j (2.12)

ai,j = λi,j(~x, t, ~θ), i 6= j

ci,j = 0, i = j

ci,j = λi,j(~x, t, ~θ), i 6= j

In practice, many of the λi,j equal 0 and the equations become less complicated.

2.3.5 Linking Biological and Mathematical System

Characteristics

Now that the biological and mathematical basics are introduced the question arises

how to connect these disciplines.

2.3.5.1 Probabilistic Derivation of the Linear Mass Balance Equations

If one defines

n as the number of cells in a compartment at a certain time

and

pi as the probability of cell i to leave the compartment

(differentiate) within one time unit ∆t
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then the expectation value E(nout) of the number nout of cells leaving the compartment

in one time unit ∆t can be calculated as:

E(nout) =

n∑

i=1

1 · pi (2.13)

Thus, the expectation value of the fraction of leaving cells per time unit E(nout
n
) satisfies

the equation

E
(nout

n

)
=
E(nout)

n
=

∑n
i=1 1 · pi
n

=
1

n

n∑

i=1

1 · pi . (2.14)

If λ is defined as

λ = lim
n→∞

1

n

n∑

i

pi (2.15)

one gets for rising cell numbers

lim
n→∞

E
(nout

n

)
= lim

n→∞

1

n

n∑

i=1

1 · pi = λ . (2.16)

For large cell numbers this means, that the number of cells leaving a compartment

nout in one time unit ∆t is directly proportional to the total number of cells n in the

compartment. If it is assumed that no inflow and no cell production exists, then the

change in the number of cells ∆n in the compartment during the time unit ∆t is equal

to nout and one can write:

∆n

∆t
= −nout. (2.17)

For the expectation values one gets

E

(
∆n

∆t

)
= −E

(nout
n
· n
)

(2.18)

= −λ · n .
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Translated to a continous formalism (which represents the macroscopic view) the result

is:

dx(t)

dt
= −λ · x

or

ẋ(t) = −λ · x (2.19)

The cell production rate α can be derived analogously. Thus, one gets

ẋ(t) = α · x(t)− λ · x(t). (2.20)

In the common form with the inflow function u(t) on gets

ẋ(t) = u(t) + α · x(t)− λ · x(t) (2.21)

This is an ordinary differential equation (ODE) of the type of equation 2.2.

With the help of the shown linearizations one gets a so called linear model of a com-

partment, which is a special form of the mass balance equation 2.2 . This is in general

written in the notation

ẋ(t) = u(t) + α · x(t)− λ · x(t), x(0) = x0 (2.22)

y(t) = λ · x(t) .

The linear model equation 2.22 is solved by

x(t) = e−(λ−α)·t · x(t0) +
∫ t

t0
e−(λ−α)·(t−τ) · u(τ) dτ . (2.23)

2.3.5.2 Transit Times and Amplification Factors

The term ”transit time” mathematically means the expectation value of the time for

passing a compartment. ”Amplification factor” means the factor by which the ”cell

stream” through a compartment is multiplied. Both parameters can be derived under

steady state and dynamic conditions.
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2.3.5.2.1 Compartment Without Amplification, Steady State Situation

Let us first consider a compartment without amplification under steady state condi-

tions. Without amplification means, that the cell production α equals 0

α = 0 (2.24)

and the system equations

ẋ(t) = u(t) + α · x(t)− λ · x(t), x(0) = x0 (2.25)

y(t) = λ · x(t)

become

ẋ(t) = u(t)− λ · x(t), x(0) = x0 (2.26)

y(t) = λ · x(t) .

The steady state is defined by a non-dynamic state. In other words, all model variables

stay at a (temporarily) constant level. Thus, the content, the inflow, and the outflow of

a compartment are constant in time, and can be characterized by temporal derivatives

that equal zero. Written in mathematical formalism, one gets:

ẋ(t) = 0⇒ x(t) = xsteady state = const. (2.27)

u̇(t) = 0⇒ u(t) = usteady state = const. . (2.28)

Inserted into equation 2.26 one gets

0 = usteady state − λ · xsteady state (2.29)

or written in another form

xsteady state =
usteady state

λ
(2.30)
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and thus

ysteady state = λ · xsteady state = λ · u
steady state

λ
= usteady state . (2.31)

Therefore, it is easy to see that under steady state conditions without amplification

• the inflow equals the outflow

• with given inflow the content of the compartment is determined by the flow rates.

2.3.5.2.2 Compartment Without Amplification, Dynamic Situation

Here the model variables not necessarily have to be constant. Therefore, an exami-

nation of the dynamics has to be done in another way than in the upper case. One

elegant method for examining the dynamics of a compartment uses the delta func-

tion δ(t − t0), which is often used in theoretical physics. It is indirectly defined and

characterized by the following features:

δ(t− t0) = 0 if t 6= t0 (2.32)

δ(t− t0) =∞ if t = t0 (2.33)
∫ +∞

−∞

δ(t− τ)dτ = 1 (2.34)

∫ +∞

−∞

f(t− τ) · δ(τ)dτ = f(t) . (2.35)

Assuming that a ”virtual” cell cohort enters an empty compartment instantaneously

at t0 = 0 and fills the compartment to a ”virtual” content of 1, this cell cohort can be

formalized by the δ-function. Written in mathematical formalism, this becomes:

t0 = 0 (2.36)

x(t) = 0 ∀x < 0 (2.37)

u(t) = δ(t− t0) (2.38)

Inserting this into equation 2.26 the result is:

x(t) = e−λ·t · x(0−) +
∫ t

0

e−λ·(t−τ) · u(τ) dτ (2.39)
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=

∫ t

0

e−λ·(t−τ) · δ(τ) dτ (2.40)

= e−λt ∀t ≥ 0 (2.41)

= 0 ∀t < 0 (2.42)

and thus

y(t) = λ · x(t) = λ · e−λt ∀t ≥ 0 (2.43)

y(t) = 0 ∀t < 0 . (2.44)

As easily can be seen, this dynamic response to the instantaenous entry of a virtual

cell cohort at time t = 0 has the same solution as a depletion without inflow to the

compartment with content x(0) = 1 and starting time t = 0.

Further the outflow function y(t) fulfills the following criteria

y(t) >= 0 ∀t ∈ [−∞; +∞] (2.45)
∫ +∞

−∞

y(t) dt =

∫ +∞

−∞

λ · e−λ·t dt = ... = 1 . (2.46)

These criteria are characteristic for a probability density function. Therefore, y(t) can

be interpreted as a probability density function for the exit of cells from the compart-

ment. The expectation value of the time spent passing through one compartment is

called transit time T , and since the entry time is defined to be 0, T is calculated by:

T = E(t) =

∫ ∞

0

t · λ · e−λ·t dt = 1

λ
. (2.47)

2.3.5.2.3 Compartment With Amplification, Steady State Situation

Starting again with the assumptions of steady state

ẋ(t) = 0 ⇒ x(t) = xsteady state = const. (2.48)

u̇(t) = 0 ⇒ u(t) = usteady state = const. (2.49)
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one gets by insertion of these into the basic equation 2.22

ẋ(t) = u(t) + α · x(t)− λ · x(t), x(0) = x0 (2.50)

y(t) = λ · x(t) (2.51)

this time with

α > 0 (2.52)

the condition

0 = usteady state + α · xsteady state − λ · xsteady state (2.53)

which can be resolved to

xsteady state =
usteady state

λ− α
(2.54)

and

ysteady state = λ · xsteady state (2.55)

= λ · u
steady state

λ− α
(2.56)

=
λ

λ− α
· usteady state . (2.57)

If one defines the steady state amplification Asteady state of the compartment as:

Asteady state =
outflowsteady state

inflowsteady state
(2.58)

one gets

Asteady state =
ysteady state

usteady state
(2.59)

=
λ

λ−α
· usteady state

usteady state
(2.60)
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and thus

Asteady state =
λ

λ− α
. (2.61)

2.3.5.2.4 Compartment With Amplification, Dynamic Situation

The question arises if (and how) the amplification of a compartment in dynamic sit-

uations can be defined in a similar way like in the steady state and if the definitions

match if the steady state is regarded as a special case of the dynamic state. The basic

equation 2.22

ẋ(t) = u(t) + α · x(t)− λ · x(t), x(0) = x0 (2.62)

y(t) = λ · x(t) (2.63)

α > 0 (2.64)

is solved by equation 2.23:

x(t) = e−(λ−α)·t · x(t0) +
∫ t

t0
e−(λ−α)·(t−τ) · u(τ) dτ . (2.65)

If again the assumptions

t0 = 0 (2.66)

x(t) = 0 ∀x < 0 (2.67)

u(t) = δ(t− t0) (2.68)

are used, the solution is:

x(t) = e−(λ−α)·t ∀t ≥ 0 (2.69)

= 0 ∀t < 0 (2.70)

and

y(t) = λ · x(t) = λ · e−(λ−α)·t ∀t ≥ 0 (2.71)
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y(t) = 0 ∀t < 0 (2.72)

The amplification Adynamic can be defined as the total amount of outflow related to

the total amount of inflow:

Adynamic =
total amount of outflow

total amount of inflow
(2.73)

=

∫∞
−∞

y(t) dt∫∞
−∞

u(t) dt
(2.74)

=

∫∞
0
λ · e−(λ−α)t dt∫∞
−∞

δ(t) dt
(2.75)

=
λ

λ−α

1
(2.76)

=
λ

λ− α
(2.77)

Thus, the result for the teady state is:

Adynamic = Asteady state (2.78)

2.3.5.3 Remarks on the Transit Time in Compartments with and

without Amplification

In equation 2.47 the transit time for compartments without amplification was defined

as

T = E(t) =

∫ ∞

0

t · λ · e−λ·t dt = 1

λ
. (2.79)

In a compartment with amplification the analogously calculated value would be

T̃ = E(t) =

∫ ∞

0

t · (λ− α) · e(−λ+α)·t dt = 1

λ− α
(2.80)

but this value is related to the complete amount of inflown and ”new born” cells. It

is not easy to decide, if the definition for transit time should imply only the fraction

corresponding to the inflown or the total amount of outflowing cells. On the one

hand, one could argue, that the process of ”flowing” through the compartment can

be (formally) seen as independent from the process of birth, on the other hand, the
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mathematically more consistent definition would be the upper calculation for T̃ , which

includes also the birth process. In this thesis, the term transit time is used generally

in the definition of 2.79, since mathematical treatment of the extended form results

in different problems of modeling, like constant experimental biological transit time

under changing cell production rates α. This would imply much more complicated

approaches for the variable compartment parameters.

2.3.5.4 Cell Division and Compartment Parameters

If k denotes the number of cell divisions in the regarded compartment, and the bio-

logical amplification Abiological denotes the number of produced cells per mother cell,

one gets:

Abiological =
number of daughter cells

mother cell
(2.81)

=
number of cells generated by k divisions

mother cell
(2.82)

=
2k

1
(2.83)

= 2k (2.84)

where

k = number of cell divisions in the compartment. (2.85)

Assuming that every cell leaves the compartment at some time, the following equation

can be set up:

Abiological = Adynamic (2.86)

⇔

2k =
λ

λ− α
(2.87)

and after resolving:

α = λ · (1− 2k) . (2.88)
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Figure 2.5: Generation of delay dynamics by concatenation of single compartments.

2.3.6 Modeling Delay Times

In experiments on the transit dynamics of cell populations these dynamics in general do

not show the first order characteristics of single compartments, which would generate

an exponential decrease of cell numbers or labeling substances immediately after entry

time. This is caused physiologically by a minimal differentiation or maturation time,

which is necessary to pass a development stage. On the stage of modeling this means

that the regarded cells are not homogenous enough to justify the assumption of equal

differentiation probability for all cells. Thus, it is not an appropriate solution to

use a single compartment. A good approximation for the natural transit dynamics

are gamma probability density functions. They can be generated by concatenating

compartments represented by first order differential equations with identical kinetic

parameters, like shown in figure 2.5.

Another method for modeling delay times uses dead time models which are described

by differential equations of the form

ẋ(t) = a · x(t− tdelay) + b · u(t− tdelay) . (2.89)

They appear to be a suitable solution to this problem [34]. The advantage of this

equation is the lower order, which could be of interest in connection with simulation
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times. Its disadvantages are:

• Delayed differential equations can produce non-differentiable solutions. They are

difficult to use in connection with optimization routines.

• Numerical standard software packages in general do not contain solution algo-

rithms for these problems.

• Delayed differential equations can not reproduce the variances of the probability

variable transit time.

• Delayed differential equations can produce uncontinous solutions which are not

compatible with fast optimization algorithms.

2.3.6.1 Gamma Distributed Delay Times: Generation and Application

For modeling time delays only concatenated ODEs are used. Most important in the

decision for the concatenated ODE method was the fact, that solutions of these systems

excellently can be fitted against data from tracer or cell counting experiments and

thus approximate the ”real world” distributions of transit times very closely. The

differential equation system of such a structure (figure 2.5, n=5) looks like:

ẋ1(t) = u(t) +α · x1(t)− λ · x1(t) (2.90)

ẋ2(t) = λ · x1(t) +α · x2(t)− λ · x2(t)

...

ẋn(t) = λ · xn−1(t)+α · xn(t)− λ · xn(t)

xi(0) = x0i i = 1...n

y(t) = λ · xn(t) . (2.91)

For solving this concatenated differential equation system it is assumed that a cell

cohort of the virtual measurement size 1 enters the first compartment i = 1 at t = 0.

Like shown before this is equivalent to initializing the first compartment with x1(0) = 1
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and the others with zero. The problem to solve is the ODE system

ẋ1(t) = u(t) +α · x1(t)− λ · x1(t) (2.92)

ẋ2(t) = λ · x1(t) +α · x2(t)− λ · x2(t)

...

ẋn(t) = λ · xn−1(t)+α · xn(t)− λ · xn(t)

with the initial conditions:

x1(0) = 1

xi(0) = 0 i = 2...n . (2.93)

The equation system is solved with the help of Laplace transformation [11]. The

transformed system results in

sX1(s)− 1 = (α− λ) ·X1(s) (2.94)

sX2(s) = (α− λ) ·X2(s) + λ ·X1(s)

...

sXn(s) = (α− λ) · sXn(s) + λ ·Xn−1(s) .

Resolving the system delivers:

X1(s) =
1

(s− α− λ)
(2.95)

X2(s) =
λ

(s− α− λ)2

...

Xn(s) =
λn−1

(s− α− λ)n

and back-transformation results in

xi(t) =
λi−1

(i− 1)!
· ti−1 · e−(λ−α)·t . (2.96)
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Thus, the outflow function of the last compartment yn(t) can be calculated as

yn(t) = λ · xn(t) (2.97)

= λ · λi−1

(i− 1)!
· ti−1 · e−(λ−α)·t . (2.98)

With

λ̃ = (λ− α) (2.99)

one gets

yn(t) =
λn

λ̃n
· λ̃n

(n− 1)!
· tn−1 · e−λ̃·t (2.100)

=
λn

λ̃n
· (λ̃ · t)

n−1

(n− 1)!
· λ̃ · e−λ̃·t . (2.101)

The term

(λ̃ · t)n−1
(n− 1)!

· λ̃ · e−λ̃·t (2.102)

of the result is equivalent to a gamma probability density function of order n-1 and

scale λ̃. Thus, the transit time through n concatenated compartments has a gamma

shaped probability distribution. Figure 2.6 shows a series of gamma distributions of

transit times with varying λ̃.

For the gamma distribution (equation 2.102) E(t) and V ar(t) is calculated as:

E(t) =
n

λ̃
=

n

λ− α
(2.103)

and

V ar(t) =
n

(λ̃)2
=

n

( n
E(t)

)2
=
E2(t)

n
(2.104)

Again the problem of interpretation of the transit time appears, like mentioned before

in section 2.3.5.3.

The term for the variance V ar(t) can be used to calculate the necessary number of
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compartments for modeling delay times, if the variance of a transit time is known.

In general, the variance is not known and calculation of n has to be done by other

techniques.

2.3.6.2 Parameters of Serial Compartment Structures

Following the considerations on transit times in 2.3.5.3 the parameter λ is calculated

for each single compartment of a serial structure from the transit time T by

λ =
n

T
. (2.105)

The amplification can be calculated using the single compartment characteristic 2.77

Aone compartment =
λ

λ− α
. (2.106)

By reapplication of this n times (one time for each compartment of the serial structure)

one gets

An compartments =
λ

λ− α
· ... · λ

λ− α︸ ︷︷ ︸
n times

(2.107)

=

(
λ

λ− α

)n

. (2.108)

Resolved for α the result is

α = λ ·
(
1− A−

1

n

)
. (2.109)

2.3.6.3 Transit Dynamics of Serial Compartment Structures

Figure 2.6 illustrates the change in the transit dynamics of a series of n = 10 compart-

ments. The figure shows the outflow function yn(t) (n = 10) from the last compart-

ment caused by an instantaneous virtual δ(t) inflow of cells into the first compartment.

Again this could be interpreted as a probability density function of the outflow time.

It is easy to recognize how the modal outflow time (and the expectation value of the

outflow time) shortens with increasing outflow rate λ. Figure 2.7 shows the outflow

function yn(t) from the last compartment caused by an δ(t) inflow of a virtual cohort
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Figure 2.6: Changes in gamma distributions of transit times by variation of λ.

of 100 cells, this time with varying compartment number n. The flow rate λ of each

simulation curve is adapted to a common transit time T following equation 2.105 by

setting λn = n · λ to get comparable flow rates. The flattening of the initial part

and the sharpening around the modal value of yn(t) with rising n is characteristic. In

the interpretation of yn(t) as a probability density function this means a reduction of

variance. Figure 2.8 shows again the dynamics of serial structures, but this time not

the outflow function yn(t) but the total content xall(t) of all compartments together.

This is defined as:

xall(t) =

n∑

i=1

xi(t) . (2.110)

Figure 2.8 shows the filling dynamics under the assumption of a constant inflow and

the depletion dynamics under the assumption of xall(0) distributed equally into all n

compartments as initial contents

xi(0) =
xall(0)

n
∀ i = 1...n . (2.111)

(2.112)

The parameters are again adapted to the changing order n of the structure by setting

λn = n · λ. Characteristic for an increase in the order n of the structure is the appro-
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Figure 2.7: Gamma distributions of transit times with varying n and corresponding
λn adapted by setting λn = n · λ.

ximation of the initial slope of xall(t) to a more linear behaviour and the sharpening

of the following curvature. This characteristic is later used for fitting (sub)models

against experimental data from labeling experiments.

2.3.6.4 Regulation and the Origin of Nonlinearity in the Model

Since the megakaryocyte/platelet renewal system is very dynamic and reacts very

strong on excess loss of platelets or other disturbances, the up to now introduced

mathematical background of comparment models has to be extended with dynamical

components, which serve as elements that actively operate to maintain or (in the

case of disturbances) to reconstitute the steady state of the system. This means for

the model equations, that some parameters are not constants, but functions of state

variables. These functions are called regulators. In the organism regulation is done

for example by changing cell population characteristics by hormones, which control

most physiological processes. Since hormones have certain production and clearing

times in the body, it can be necessary to build hormone like regulators with own

clearing dynamics and compartments. For the model as a whole this means that it

loses linearity and becomes a nonlinear system.

For the selection of the regulation functions biological and mathematical criteria have
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Figure 2.8: Filling and depletion dynamics of concatenated compartments with vary-
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to be considered. On the biological side a regulation function should give a good

approximation of the physiological reality, on the mathematical side the regulation

function must not disturb the stability of the model.

Suitable functions for this approach are for example:

• A biased hyperbolic function:

R1(N) = a+
b

c+N
(2.113)

• A pure exponential function with negative argument:

R2(N) = a+ b · e−c·N (2.114)

• An exponential function with additional polynomial:

R3(N) = a+ b · e−c·S · (1 + c ·N) (2.115)
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Figure 2.9: Examples for different types of regulation functions.

where

R1, R2, R3 are the regulation function values (2.116)

and

N denotes the observer variable. (2.117)

Figure 2.9 shows the functions R1(N), R2(N), R3(N) as functions of the observer vari-

able N . Often the regulation functions depend not only on one variable, but on two

or more. Figure 2.10 shows a regulation function of the type R3 (exponential function

with additional polynomial) plotted over the two observer variables.

2.3.7 Evaluation of Experiments

The submodels for the several cell pools are all modeled with the basic structures of

single or concatenated compartments. The number of necessary compartments and

the kinetic parameters of these have to be calculated or estimated from experimental

data.
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Figure 2.10: Example of a multivariate regulation function with two variables.

2.3.7.1 Evaluation of labeling experiments

Following equation 2.104 the estimation of the number of compartments sometimes

is possible if one knows the variance of the distribution of the transit time. In most

labeling experiments this is not applicable. For this reason, a different technique

was developed to fit a serial structure of compartments against labeling data of diffe-

rent experimental methods by varying compartment number, transit time and initial

conditions of the labeling simulation. A sum of least squares was used as deviation

measurement. The estimators were implemented with MATLAB r©.

The algorithm was designed to fit filling or depletion curves of submodels into exper-

imental data by solving a set of minimization problems in the parameter λ and the

initial values ~x(0) for different orders. The algorithm works in two steps:

• Step 1: Solve the fitting problem for a set of given orders of the compartment

structure.

• Step 2: Select the order which delivered the smallest deviation function result.

Step 1 can be mathematically formalized as optimization problem:

(Pi) =






SLSQi(λi, ~xi(0)) =
∑r

j=1

(
zi,j(λi, ~xi(0))− zexpj

)2 → min

λmin
i ≤ λi ≤ λmax

i

(2.118)
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where

i = number of concatenated compartments (2.119)

i = 1...n for a given n (2.120)

zexpj = experimental value at time point tj (2.121)

zij(λi, ~xi(0)) = corresponding model value at time point tj (2.122)

λi = adapted flow rate for i compartments (2.123)

λmin
i , λmax

i = adapted given limit values (2.124)

~xi(0) = adapted initial values of model ODEs . (2.125)

Step 2 works simplier. Let

(λ∗i , ~x
∗
i (0)) denote the solutions of problem Pi (2.126)

and

SLSQ∗
i = SLSQi(λ

∗
i , ~x

∗
i (0)) (2.127)

Then the overall minimum SLSQ∗
i∗ can be defined as

SLSQ∗
i∗ = min

i=1...n
SLSQ∗

i (2.128)

and the solution for modeling a cell pool with a concatenated compartment structure

is characterized by the optimum compartment number i∗ and the corresponding flow

rate λ∗i∗.

Since only experiments on nondividing cell pools were evaluated this way, the cell

production parameter α is set to 0 and vanishes from the system equations.

Identification of a reasonable number of compartments should take into account, that

the results of the upper optimizations do not necessarily give solutions that are optimal

for application. From a number of about 5 compartments onward a rapidly increas-

ing number of compartments is necessary to produce a more differentiated dynamic

behaviour. Since the number of differential equations is one of the most important
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factors determining the simulation times, a good compromise between accuracy of

model dynamics and simulation performance has to be found. Especially, if results of

fitting procedures corresponding to different experiments are compared, the accuracy

of approximating the biological reality has to be relativated. The common result of

all fitting procedures shows, that structures of concatenated compartments show very

clearly to be the better model for maturation processes of cells compared to single

compartments. Overall, a number of 5 compartments showed good agreement with

most data sets used.

The original aim of using this estimation technique was to avoid arbitrary choices in

the compartment numbers n. This goal could not be accomplished completely, but

it is possible to determine areas of compartment numbers by performing estimations

based on different experimental results. If subsequent a certain value is selected, the

estimation of the corresponding value for the flow rate can excellently be done by this

method.

2.3.7.2 Evaluation of Cell Colony Experiments

Cell culture experiments can deliver information on proliferative potential, doubling,

and differentiation times of cell populations, with respect to the danger of producing

artefacts.

Under the assumption, that a culture of n cells is derived from one single mother cell

by continous cell doubling, the number of divisions can be calculated from the number

of cells of the colony. With additional information on the corresponding durations, cell

doubling times can be calculated. Maturation times can be estimated by measuring

the time until certain identifiable markers appear.

The following example shows a simple calculation on cell colonies: Lets assume that

a clone of n cells from a single cell grows within the duration t. Then the number k

of performed cell doublings can be calculated by

k = log2(n) . (2.129)

Division of the colony development time t by the number of doublings k results in the
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average cell generation time TG:

TG =
t

k .
(2.130)

For calculations of the proliferative potential of a cell type, the cell colonies should

have been given enough time to develop into differentiated cells. Similar considerations

of course are important for all development times.

2.3.8 Modular Modeling of Cell Pools

Not absolute but relative numbers are used for modeling the several development

stages or cell pools. There are two reasons for this approach:

• Experimental data of different rodents are used together under the assumption

that the kinetic characteristics are similar or identical. Of course, this is not

true for the cell numbers in the different organisms (the body weight of the rat is

about ten times that of the mouse). Therefore, transformations of cell numbers

are necessary. To avoid false interpretations and for simplifying connections of

submodels derived from different rodent species, cell numbers are not directly

adapted between species.

• For optimizing the possibilities of modification and expansion and for simplifying

the handling of the model a modular approach of modeling the cell pools is used.

This modular approach uses the following basic ideas:

• For every cell pool a set of compartments is built. This set only tries to model

the dynamics of the cell pool.

• Corresponding cell numbers are calculated with conversion factors from the com-

partment contents.

• Every cell compartment is calculated with a steady state inflow of 1. This is

achieved by normalization factors of the corresponding in and outflows.

• For the regulation loops a normalized steady state value of each cell pool of 1 is

used.
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This approach makes the model independent of absolute cell numbers and therefore

easier to modify parts of the model or to adapt it to other species.

2.4 Computer Science and Data Processing

For primary model constructions the simulation system SIMULINK r© (Version 2) was

used [94]. SIMULINK r© is a software package based on MATLAB r© which is designed

for modeling, simulating, and analyzing dynamical systems. SIMULINK r© provides

a graphical user interface (GUI) for constructing models as block diagrams based on

modeling objects. Using the GUI of SIMULINK r© models can be built on the screen

by mouse operations. A set of basic objects is provided in the software package by a

library containing blocks for sinks, sources, linear and nonlinear components, monitors

and connectors. New user defined objects can be created by combining the given basic

objects or by programing objects. Self programed objects can be implemented in

the languages MATLAB r© , C or C++ and be linked into the SIMULINK r© models

by special application program interfaces (APIs). For simulation a set of differential

equation solvers is provided.

After construction, the models were reimplemented to be used by optimization algo-

rithms in the well established numerical software programming language MATLAB r©

(Release 11) [92]. MATLAB r© is a language for scientific numerical computing. It

provides packages for scientific computation and visualization. MATLAB r© is used

as a programming language with a syntax which is similar to familiar mathemati-

cal notation. This problem oriented syntax allows to implement computing problems

within very short time. Like for SIMULINK r© it is possible to include other modules

based on C or C++ in MATLAB r© applications. The basic MATLAB r© package can

be extended for application-specific solutions by several toolboxes. Thus, MATLAB r©

provides an ideal developing environment for modeling projects.

The performance of MATLAB r© compared to C or C++ is rather slow. Pure C or C++

implementations run about 10-20 times faster than pure MATLAB r© applications.

The numerical differential equation solver ode23 of the MATLAB r© package was used

for the simulation runs [81].
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Optimization algorithms for the estimation procedures were taken from the MATLAB

OPTIMIZATION TOOLBOX r© (Version 2) [17].

For online database access the MATLAB DATABASE TOOLBOX r© (Version 1) was

used. For some special tasks interfaces were implemented in the programming language

Java r© [58].

Data visualization was performed using the MATLAB r© (Release 11) plotting func-

tions and utilities [92].

MATLAB r© was used both on a Windows NT r© driven 450 MHz Pentium II r© PC

and on a SOLARIS 7 r© driven 300 MHz SUN SPARC ULTRA 10 r© workstation.
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3.1 Modeling Thrombocytopoiesis in Rodents

As there are lot of reliable data on the hematopoietic system of rodents gained in

clearly defined experimental settings, in a first step a mathematical model of throm-

bocytopoiesis based on rodent data will be developed. Most experiments on the throm-

bocytopoietic system are available for rats. Important experiments on the stem cell

system were done with mice by the spleen colony techniques of Till and McCulloch.

These techniques were reviewed by Quesenberry [80]. For building a model, which is

planned to reproduce the dynamics of the megakaryocyte/platelet system in rodents,

it is assumed that the differences between rats and mice regarding the dynamics of the

hematopoietic system are small enough to be used mutually. Sometimes additional

experimental data from other species are used (of course not for kinetic data) when

these can be assumed to be relevant and are based on better experimental techniques.

The first version of a mathematical model including the complete development of

thrombocytes starting at the stage of the pluripotent stem cell [35] will be revised in

the following sections. Important changes were done in the following areas:

• Simplification and unification of functionally similar or equal cell compartments.

• Simplification of the regulation structure and its functions.

• The ploidy distribution function was set up with a completely different approach,

which is less explanatory but gives the same results and helps saving simulation

time.

• New approaches for validation of the model.

3.1.1 Structure of the Developed Model

For a better understanding of the following calculations of the single compartments the

general structure of the model will be shortly introduced. Figure 3.1 gives an overview

of the model. The first compartment PS represents the pluripotent stem cells. This

feeds the compartment NC of the noncommitted stem cells. The cells develop fur-

ther into megakaryocyte lineage committed early and late stem cells which are set up

with the compartments C1 and C2. The compartments NC, C1, and C2 represent
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Figure 3.1: The structure of the basic biomathematical model of thrombocytopoiesis.
PS = pluripotent stem cells. PSinj = injured stem cells. NC = noncommitted pro-
genitor cells. C1 = early committed progenitor cells. C2 = late committed progenitor
cells. EMB = endoreduplicating precursor cells and megakaryoblasts. MK1...MK4 =
maturing megakaryocytes. TH = thrombocytes. ICV = intra ploidy class volume.
RegI, RegII = regulators. MkMass = megakaryocyte mass. ρ = self replication prob-
ability. πMKi = probability for differentiation into the megakaryocyte compartment
MKi.

the proliferation part of the megakaryocytopoietic cell line. The compartment EMB

summarizes the cell development stages, which perform endoreduplication. These are

in general megakaryoblast precursors, megakaryoblasts, and young megakaryocytes.

The endoreduplications stop after different numbers of chromosome doublings. Thus,

this compartment produces different ploidy groups of megakaryocytes. Ploidy is an es-

sential characteristic in megakaryocytopoiesis, since it determines the megakaryocyte

volume which again is proportional to the platelet productivity. The model reflects

the four ploidy groups 8N, 16N, 32N, and 64N in the MK1, MK2, MK3, and MK4

compartments. The ploidy distribution can change in case of a disturbance of the

system. This is also true for the average megakaryocyte volume within ploidy groups.

Thus, an additional compartment ICV is set up for this volume. The fragmenting

megakaryocytes produce the platelets which are represented by the TH compartment.

The compartments themselves are all but the PS compartment structured into 5 sub-
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compartments to represent time delays resulting from differentiation times of the cells.

The regulation is subdivided into two areas: One area which reacts on disturbances

of the later part of thrombocytopoiesis, especially in the thrombocyte compartment,

represented by RegI. Another regulatory system called RegII reacts on disturbances

in the early and middle part of the thrombocytopoietic system. The self replication

probability ρPS of the pluripotent stem cells is regulated by the number of pluripotent

stem cells. The compartment and regulation structure is based on experimental ob-

servations, which are mentioned in detail in the following description of the modeling

process.

3.1.2 Calculation of the Compartments

With the worked out biological and mathematical techniques the compartments of the

model are calculated.

3.1.2.1 Pluripotent Stem Cells (PS)

The dual process of pluripotent stem cell proliferation has to fulfill the tasks of main-

taining the pluripotent stem cell pool and supplying the hematopoietic system with

inflow of cells. The ”biological model” of this process is based on the following as-

sumptions:

• In the steady state on average 50% of the cells which are ”born” by cell division

of pluripotent stem cells differentiate to cells of the peripheral blood through

different development stages.

• The other 50% are identical clones of the mother cell and remain in the popula-

tion of the PS.

This kind of cell doubling is called asymmetric division. Of course this asymmetry

is not for each single cell division exactly given by 50%/50%. The value of 50% is

an average value of an entire cell population. On the cellular level this macroscopic

value has to be interpreted again as a probability. The probability of a stem cell

to reproduce a new identical cell is called self replication probability ρPS. The self

replication probability can be influenced by the hematopoietic system, for example,
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in the case of repopulation of a damaged cell pool. Another characteristic of the

pluripotent stem cells is their relative inactivity in the undisturbed bone marrow.

The mathematical model, that is derived from this assumptions can be described by

differential equations in the following way:

If the cell generation time of an actively proliferating cell averages TG, then the flow

rate λactive of produced cells relative to the active cells is calculated as

λPSactive =
1

TG
. (3.1)

In the undisturbed bone marrow only a fraction γPS of pluripotent stem cells is active

in cell generation. Relative to all pluripotent stem cells this means, that the flow rate

for all cells λPS is given by

λPS = λPSactive · γPS . (3.2)

Let xPS(t) denote the number of pluripotent stem cells. Then per time unit λPS · xPS

cells go into division. Via cell division arise 2 · λPS · xPS cells. From these cells on

average the fraction ρPS returns into the pool of pluripotent stem cells, the other

fraction (1− ρ) differentiates into another compartment. This process, illustrated by

figure 3.2, can be formalized be the equations:

ẋPS = −γPS · λPSactive · xS + 2 · ρPS · γPS · λPSactive · xPS (3.3)

yPS = 2 · (1− ρPS) · γPS · λPSactive · xPS (3.4)

In the steady state bone marrow, which is mathematically characterized by

ρPSsteady state = 0.5 (3.5)

one gets

ẋPS = −γPS · λPSactive · xPS + 2 · ρPS · γPS · λPSactive · xPS (3.6)

ẋPS = −γPS · λPSactive · xPS + 2 · 0.5 · γPS · λPSactive · xPS (3.7)

ẋPS = 0 . (3.8)
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Figure 3.2: Maintenance of the stem cell pool by self replication of pluripotent stem
cells.

This means, that the number of pluripotent stem cells xPS remains constant.

3.1.2.1.1 Parameters

The underlying cell population that is used for calculation in this model are the CFU-

S (Colony Forming Unit - Spleen) cells. The cell cycle time T CFU−S
G of CFU-S was

estimated to be about 10h [41] [96] [77]. In steady state bone marrow only a fraction

of cells of about 10% is active, the other 90% remain in a resting phase (G0 phase),

until they are triggered into activity if a higher demand for cells is signalized. In

regenerating bone marrow their self replication probability can increase to higher values

than 0.5. A value for a higher self replication probability of 0.63 was estimated by

statistical methods applied to experiments on CFU-S [97] [70]. The parameters have

to be interpreted as average values, since the stem cell pool is considered to be a

heterogeneous cell population.
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3.1.2.2 Noncommitted Progenitor Cells (NC)

The NC (noncommitted progenitor cells) compartment represents cells, which have

the potential to develop into different hematopoietic cell lines, but are not capable of

unlimited self replication and depend on a continous inflow from another cell popu-

lation. In-vitro candidates for such cells are CFU-GEMM, CFU-GM, CFU-EM and

others. Experiments on CFU-GEMM [90] show, that about 20% of the grown colonies

show megakaryocytic activity. Therefore, it can be assumed that about 20% of the

cell-flow through this compartment differentiates into megakaryocyte committed pre-

cursor cells. Comparison of this value with the cell production of the PS compartment

leads to an average amplification factor of about 2 or one cell division for the mega-

karyocyte determined outflows of this compartment. With the assumption, that the

proliferative activity of noncommited stem cells is at about 20%, which is between

the activity of PS cells and the C1 cells, and the cell generation time is about 10h,

a transit time of 50h is calculated. Since no labeling data for the exact calculation

of the transit dynamics are available, but differentiation processes and therefore delay

effects are assumed, five concatenated single compartments are used as default value.

3.1.2.2.1 System Equations

uNC = νPS,NC · yPS (3.9)

ẋNC
1 = uNC +αNC · xNC

1 − λNC · xNC
1 (3.10)

ẋNC
2 = λNC · xNC

1 +αNC · xNC
2 − λNC · xNC

2

ẋNC
3 = λNC · xNC

2 +αNC · xNC
3 − λNC · xNC

3

ẋNC
4 = λNC · xNC

3 +αNC · xNC
4 − λNC · xNC

4

ẋNC
5 = λNC · xNC

4 +αNC · xNC
5 − λNC · xNC

5

yNC = λNC · xNC
5 (3.11)
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3.1.2.3 Early Committed Progenitor Cells (C1)

One early type of (in-vitro) committed stem cells developing into pure megakaryocytic

colonies are the BFU-Mk [65]. It can be assumed that these cells represent early

megakaryocytic lineage committed progenitor cells. In cell colony experiments BFU-

Mk produce on average 121 megakaryocytes per colony [65]. This corresponds to

log2(121) = 6, 9189 ≈ 7 cell divisions. With the assumption that the BFU-Mk

derived cells develop to megakaryocytes over the stage of CFU-Mk (described in the

next section) an average number of cell divisions of 3 remains for the development

time from BFU-Mk to CFU-Mk. Since there are no data on transit behaviour a

default compartment number of 5 is used.

3.1.2.3.1 System Equations

uC1 = νNC,C1 · yNC (3.12)

ẋC11 = uC1 +αC1 · xC11 − λC1 · xC11 (3.13)

ẋC12 = λC1 · xC11 +αC1 · xC12 − λC1 · xC12

ẋC13 = λC1 · xC12 +αC1 · xC13 − λC1 · xC13

ẋC14 = λC1 · xC13 +αC1 · xC14 − λC1 · xC14

ẋC15 = λC1 · xC14 +αC1 · xC15 − λC1 · xC15

yC1 = λC1 · xC15 (3.14)

3.1.2.4 Late Committed Progenitor Cells (C2)

The next assumed development stage of megakaryocyte lineage commited stem cells

are the CFU-Mk. In cell colony experiments [65] cultivated CFU-Mk generate about

16.5 megakaryocytes per colony within five days. In the following days no further

megakaryocytes are observed. Thus, the proliferative potential of the CFU-Mk is

estimated to be about log2(16.5) = 4.0444 ≈ 4. The growth rate of the colonies
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described in [65] has its highest value between the days 3 and 5. Between these days

a multiplication of the colony cell numbers by a factor of about 15 is observed. This

value corresponds to a number of log2(15) = 3.9069 ≈ 4 cell divisions. With 4 cell

divisions between day 3 and 5 a cell generation time of 48h
4

= 12h is calculated.

Single cell autoradiography experiments with 3H-thymidine in [20] lead to an average

division time of about 16h. This value fits well with the upper calculations if one

assumes, that the in vivo candidates of the CFU-Mk in the steady state organism are

not proliferating with maximum speed. According to this it can be assumed that the 4

in-vitro cell divisions done with 12h generation time within 48h correspond to a number

of 3 in-vivo cell divisions done with 16h generation time within 48h. Thus, a transit

time of 48h and 3 cell divisions or an amplification factor of 8 for this compartment is

calculated. Again a number of 5 single compartments is used.

3.1.2.4.1 System Equations

uC2 = νC1,C2 · yC1 (3.15)

ẋC21 = uC2 +αC2 · xC21 − λC2 · xC21 (3.16)

ẋC22 = λC2 · xC21 +αC2 · xC22 − λC2 · xC22

ẋC23 = λC2 · xC22 +αC2 · xC23 − λC2 · xC23

ẋC24 = λC2 · xC23 +αC2 · xC24 − λC2 · xC24

ẋC25 = λC2 · xC24 +αC2 · xC25 − λC2 · xC25

yC2 = λC2 · xC25 (3.17)

3.1.2.5 Endoreduplicating Megakaryoblasts and Precursor Cells (EMB)

3.1.2.5.1 Polyploidy

During their development to mature megakaryocytes the young megakaryocytes and

megakaryocyte precursors like megakaryoblasts and perhaps earlier stages usually dou-
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ble their DNA content one or more times without dividing the cytoplasm of the cell.

This process is called endomitosis or endoreduplication. The number of chromosome

sets in a cell is called ploidy, like known from common haploid or diploid chromosome

sets. The reason of the organism to produce this kind of cells is assumed to be an

increased capacity for protein synthesis [46] and as a consequence of this an increased

platelet productivity of the megakaryocytes.

It is not possible to assign the endoreduplications to one clearly defined differentiation

stage of megakaryocytopoiesis, but it is known from 3H-thymidine single cell autora-

diography experiments that endoreduplication takes place only in early development

stages of the megakaryocytes like megakaryoblasts, megakaryoblast precursors and

megakaryocytes of type I. This can be seen in autoradiography experiments, in which

only these early phases show DNA synthesis activity recognizable by an initial labeling

immediatly after administration of 3H-thymidine [76]. Since this is a prerequisite for

chromosome doubling it can be assumed that the later stages are not endoredupli-

cating. It is assumed that 2N megakaryocyte precursors start endoreduplication and

become morphologically recognizable as megakaryoblasts between the 4N and the 8N

stage. The more mature development stages of the megakaryocytes consist mostly

of cells with ploidy 8N, 16N, 32N, and 64N. The biological model of the process of

endoreduplication is shown in figure 3.3.

3.1.2.5.2 Modeling the Genesis of Megakaryocyte Ploidy

An exact model of the biological process of endoreduplication would require a compli-

cated implementation regarding the regulation of the ploidy distribution. For this rea-

son this process is approximated in the proposed model with the assumption that en-

doreduplication is done mainly in the beginning of the megakaryocyte/megakaryoblast

development. The biologically exact compartment structure shown in figure 3.3 is

simplified to a structure shown in figure 3.4 where one compartment represents all en-

doreduplicating cells. The cell outflow is subdivided by the fractions fMK1...fMK4 into

the maturation trees of the different ploidy groups represented by the megakaryocyte

compartments MK1...MK4. Thus, the flow parameter λ subdivides into four partial

flows λ1...λ4. The exact calculation of the distribution function is done in section

3.1.3. Calculations performed with an approximation method described in [35] lead
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to an average transit time of the endoreduplicating cells of about 35h.

3.1.2.5.3 System Equations

uEMB = νC2,EMB · yC2 (3.18)

ẋEMB
1 = uEMB −λEMB · xEMB

1 (3.19)

ẋEMB
2 = λEMB · xEMB

1 −λEMB · xEMB
2

...

ẋEMB
5 = λEMB · xEMB

4 −λEMB · xEMB
5

yEMB
1 = fMK1(TH) · λEMB · xEMB

5 (3.20)

...

yEMB
4 = fMK4(TH) · λEMB · xEMB

5

fMKi(TH) see section 3.1.3

3.1.2.6 Maturing Megakaryocytes (MK1...MK4)

The submodel of the maturing megakaryocytes describes the development stages which

follow endoreduplication. The ploidy groups 8N, 16N, 32N, and 64N, which contain

mostly all maturing megakaryocytes are set up in the model. The ploidy groups are

separated in four series of compartments MK1...MK4. It is assumed, that all ploidy

groups have the same maturation time. The parameters are estimated from single

cell autoradiography experiments described in [20]. A number of 5 compartments is

used and a transit time of 35h is estimated. As megakaryocytes are not observed to

divide, the number of cell divisions in this submodel is set to 0. This corresponds to

an amplification of 1.
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Evaluation Rat 1

Ploidy 8N 16N 32N
Section area in help units 1.57 2.92 5.37
Calculated increase factor per endoreduplication - 1.8599 1.8390
Corresponding increase factor of volume (x1.5) - 2.5346 2.4939

Table 3.1: Evaluation of experimental data of the megakaryocyte volume in rats [75],
Rat 1.

Evaluation Rat 1

Ploidy 8N 16N 32N
Section area in help units 1.57 2.74 4.7
Calculated increase factor per endoreduplication - 1.7452 1.7153
Corresponding increase factor of volume (x1.5) - 2.3055 2.2466

Table 3.2: Evaluation of experimental data of the megakaryocyte volume in rats [75],
Rat 2.

3.1.2.7 Ploidy Specific Platelet Productivity

Megakaryocytes of different ploidy groups differ much in the volume of their cytoplasm.

Since platelets are produced by fragmentation of cellular cytoplasm of megakaryocytes

it is assumed that platelet productivity is proportional to the volume of megakaryo-

cytes and that the megakaryocyte volume is proportional to the ploidy. The volume

of the nucleus is neglected.

Experimental results from Mazur [67] describe an increase of the average megakaryo-

cyte diameter from about 12µm to 25µm between 4N to 64N. This is an increase in

the diameter by the factor 25
12

= 2.0833 or in volume by the factor 9.0418 during 4

endoreduplications. This corresponds to a factor of 4
√
9.0418 = 1.7341 per endomi-

tosis. Calculations on experimental data of Odell [75] come to a similar result. The

cross-section areas of megakaryocytes of the ploidy groups 8N, 16N and 32N of rats

were measured. These averaged 1.57, 2.92, and 5.37 helping units for rat 1 and 1.57,

2.74, and 4.70 for rat 2. Tables 3.1 and 3.2 show the calculated increase of volume

for the endoreduplication steps. From these an average increase of megakaryocytic

volume of 2.3952 per endoreduplication is calculated. Experimental values of Harker

[37] result in a volume increase of exact 2.0 per endoreduplication. Taking all the
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described experiments together, an average value of 2.0431 ≈ 2 per endoreduplication

can be seen as an adequate increase factor.

The ploidy-specific platelet productivity pMKi of megakaryocytes is assumed to be

proportional to the megakaryocyte volume and pMKi increases with each doubling of

ploidy by the same factor. The productivities are given in relation to that of the 8N

ploidy class.

pMK1 = p8N = 1 (3.21)

pMK2 = p16N = 2

pMK3 = p32N = 4

pMK4 = p64N = 8

3.1.2.7.1 System Equations

uMK i see section 3.1.3

ẋMK i
1 = uMK i −λMK i · xMK i

1 (3.22)

ẋMK i
2 = λMK · xMK i

1 −λMK · xMK i
2

ẋMK i
3 = λMK · xMK i

2 −λMK · xMK i
3

ẋMK i
4 = λMK · xMK i

3 −λMK · xMK i
4

ẋMK i
5 = λMK · xMK i

4 −λMK · xMK i
5

yMK i = λMK · xMK i
5 (3.23)

The index

i = 1...4

denotes the four ploidy groups 8N, 16N, 32N, and 64N.
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3.1.2.8 Average Megakaryocyte Volume within Ploidy Groups (ICV)

Experiments on rats [22] show that under thrombocytopenic conditions not only an

increase in the overall average volume of megakaryocytes caused by the ploidy shift

appears, but additionally an increase of the average megakaryocyte volume within

the ploidy classes. In the experiment a chronic thrombocytopenia with platelet counts

below 10% of the normal value was induced by injections of APS (Anti Platelet Serum)

and the average volume within ploidy classes was determined. At the 10% level an

average increase of the intra-ploidy-group size, which was measured in area units, of

about 40% was observed. This means an increase of the average volume of ≈ 1.7.

Since the intra ploidy class volume results from the amount of cytoplasm of the cell

which is synthesized during the maturation of the megakaryocytes, the submodel for

this volume development is built with identical parameters like the megakaryocyte

maturation compartments. The intra class volume is expressed relative to the normal

value with a steady state value of 1. Since the platelet productivity of a megakaryocyte

is assumed to be proportional to the megakaryocyte volume, the platelet productivity

of the different ploidy classes is multiplied with the output of the last compartment

of the intra class volume submodel. Thus, an additional factor influencing platelet

productivity is set up.

3.1.2.8.1 System Equations

uICV see section 3.1.3

ẋICV1 = uICV −λICV · xICV1 (3.24)

ẋICV2 = λICV · xICV1 −λICV · xICV2

ẋICV3 = λICV · xICV2 −λICV · xICV3

ẋICV4 = λICV · xICV3 −λICV · xICV4

ẋICV5 = λICV · xICV4 −λICV · xICV5

yICV = λICV · xICV5 (3.25)
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λICV = λMK (3.26)

3.1.2.9 Thrombocytes (TH)

The basic compartment model for the platelets is a set of concatenated subcompart-

ments without amplification (α = 0), since platelets are no complete cells but cell

fragments without a nucleus that are not able to divide. For further calculation infor-

mation about the transit time and their distribution is necessary. Since these infor-

mation can not be observed directly other methods based on curve fitting procedures

together with filling and depletion experiments have to be used.

A first approach for measuring the transit behaviour is radioactive ex-vivo labeling

with 3HDFP (tritium labeled diisopropylfluorophosphate) of a fraction of platelets

and retransfusion into the body. One would expect that the dynamics of radioactivity

in the blood reflect the transit dynamics of platelets [64] [40]. However, in hypertrans-

fusion experiments with labeled platelets it can be shown that this is not true. The

trend of the platelet count in the beginning is nearly linear and an exponential pattern

appears later. This is in contrast to the early exponential dynamics of radioactivity in

the blood [21]. It seems that the radioactive labeling is influenced by strong diffusion

or reutilization processes [21]. For this reason, the parameters of the thrombocyte com-

partment were estimated by a different approach from hypertransfusion experiments

with platelet enriched blood and total body irradiation experiments.

From labeling experiments it can be assumed that the platelet productivity is not

reduced very much after hypertransfusion [21]. Therefore, kinetics of the platelet

count after hypertransfusion should be nearly the same like in the undisturbed system.

Estimations were done data taken from Ebbe [21] using least-square fitting (see section

2.3.7.1) of submodels [35].

Another estimation was done using data of platelet counts after total body irradiation

(TBI) experiments with rats [87] under the assumption, that after passing the typical

(see 3.2.7) shoulder in the platelet counts (that means that the megakaryocyte pool is

depleted) no more platelets are delivered into the peripheral blood.

The experimental data of Ebbe [21] (hypertransfusion experiments) delivered a transit

time of 104.7 h for a given compartment number of 5, the experimental data of Stein
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Figure 3.5: Fitting result of the estimation of transit time from data of a hypertrans-
fusion experiment. Fitting performed with least square optimization. Data from Ebbe
[21]. Underlying assumptions are given in the text.

[87] (TBI) resulted in 70.7 h. Figure 3.5 shows the result of fitting for the data of

Ebbe with 5 compartments, figure 3.6 for those of Stein. As a compromise between

these values, 96 h are taken as the transit time. As a rule of thumb, this value is often

used for the platelet survival time in Sprague-Dawley rats in literature [82].

3.1.2.9.1 System Equations

uTH = νMK,TH ·
4∑

i=1

pMKi · yICV · yMKi (3.27)

ẋTH1 = uTH −λTH · xTH1 (3.28)

ẋTH2 = λTH · xTH1 −λTH · xTH2

ẋTH3 = λTH · xTH2 −λTH · xTH3

ẋTH4 = λTH · xTH3 −λTH · xTH4

ẋTH5 = λTH · xTH4 −λTH · xTH5
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Figure 3.6: Fitting result of the estimation of transit time from data of TBI experi-
ments with least square optimization. Data from Stein [87]. Underlying assumptions
are given in the text.

3.1.3 Regulation

In thes section the regulation functions of the model are constructed. The experimental

results which are the background for the structure of the regulation are explained and

the mathematical regulation functions are derived.

3.1.3.1 Dynamics of the Megakaryocyte/Platelet Renewal System

Results of different experiments like exchange transfusion, administration of APS (Anti

Platelet Serum), administration of cytostatic agents and irradiation give reasons for

the assumption, that there exist at least two different regulation loops of the throm-

bocytopoietic system [67]. If one disturbes only the platelet numbers in the peripheral

blood in experimental animals, a strong reaction to compensate the disturbances with

overshooting thrombocyte numbers [77] results. These reaction mechanisms have ef-

fects on the

• number [76],

• intra ploidy class volume [22],

• average volume [19],
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• and ploidy [60]

of megakaryocytes. An increasing number of megakaryocytes indicates that the mega-

karyocyte producing progenitor pools must become more active in proliferation. Ex-

periments on CFU-Mk under thrombocytopenic circumstances result in an increased

fraction of cells in S-phase. This means increased proliferative activity of CFU-Mk but

no relevant increase in numbers of CFU-Mk [99] [50] [67]. This could be explained by

fast differentiation of CFU-Mk during or after cell doubling and loss of proliferative

potential, and therefore, of the characteristics of CFU-Mk.

3.1.3.2 Calculation of the Model Regulation Functions

The regulation structure of the model follows the basic ideas described in section

3.1.3.1. The calculation of the several regulation functions is based in general on three

values regarding the parameter that has to be influenced by the regulation function:

• The value of the parameter in the steady state.

• The value of the parameter at minimum stimulation.

• The value of the parameter at maximum stimulation.

The values of the parameters are derived by the following methods:

• Experimentally observed cell kinetic parameters in regulation activity.

• Estimations based on physiologically reasonable assumptions.

• Adaption of model regulation dynamics to reproduce experimentally observed

regulation dynamics.

The regulator functions were mostly set up with the approach of exponential functions

of equation 2.114

R = Rsteady state ·
(
a+ b · e−c·N

)
(3.29)

which was described in 2.3.6.4.
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3.1.3.2.1 Regulation of Proliferative Activity

The self replication probability ρPS is assumed to be a function of the compartment

content of the pluripotent stem cells (TH). The regulatory function for the proliferative

activity γPS is assumed to depend on the weighted sum of compartment contents Z

corresponding to the numbers of bone marrow cells (see 3.1.4).

The megakaryocyte numbers, ploidy, and volume within ploidy group are summarized

in the variable MkMass (see 3.1.4), which describes the megakaryocyte mass.

The cell production rate of the C2 compartment is assumed to be a function of the

thrombocyte number, megakaryocyte mass, and number of endoreduplicating pre-

cursors. Various simulations showed, that an approach using a compartment R for

a hormone-like regulator yielded results closer to reality and better stability of the

model.

The equations for the regulated parameters are:

ρPS = ξPS1 + ξPS2 · e−ξPS3
·PS (3.30)

γPS = ξPS4 + ξPS5 · e−ξPS6
·Z (3.31)

αNC = ξNC
1 + ξNC

2 · e−ξNC
3

·Z (3.32)

αC1 = ξC11 + ξC12 · e−ξC1
3
·(C1+C2+EMB+MkMass)/4 (3.33)

αC2 = ξC21 − ξC22 · e−ξC2
3
·R (3.34)

ẋR = uR − λR · xR (3.35)

uR1 = ξR1 + ξR2 · e−ξ
R
3
·TH (3.36)

uR2 = ξR4 + ξR5 · e−ξ
R
6
·(C2+EMB+MkMass)/3 (3.37)

uR = uR1 + uR2 . (3.38)

The average volume of megakaryocytes within ploidy groups is also assumed to be

controlled by R. This is achieved by regulating the inflow function uICV of the ICV

submodel. Of course, in reality there is no inflow of volume, but if uICV is interpreted,

for example, as cytoplasma production, the ”inflow” model makes sense.

uICV = ξICV1 − ξICV2 · e−ξICV3
·R (3.39)
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Parameter steady state max min
ρPS 0.5 0.63 0.49
γPS 0.1 1 0.098
ANC 2 1 1
AC1 8 32 4
AC2 8 20 4

Table 3.3: Summarized characteristic values of regulated model parameters.

Table 3.3 summarizes characteristic values of regulated model parameters. For better

understanding the amplifications of the compartments instead of the parameters of

the regulation functions are given.

3.1.3.2.2 Regulation of Ploidy Distribution

The regulation of the frequency of the megakaryocyte ploidy distributions requires a

different approach. The fractions of the cell streams into the maturation compartments

are calculated based on experiments of [60]. In these experiments the frequencies of

the main four ploidy classes 8N, 16N, 32N, and 64N were counted in dependency of

an imposed variation of the platelet count in the peripheral blood. The resulting

frequency distributions were approximated by least square fitting of four second order

polynomials against the experimental data.

The polynomials

qMKi(TH) = ξMKi
0 + ξMKi

1 · TH + ξMKi
2 · (TH)2 (3.40)

where

TH =

∑5
i=1 x

TH
i∑nTH

i=1 xTh steady state
i

(3.41)

are calculated by solving the following optimization problem in the variables ξMk1
0 ,

ξMK1
1 , and ξMK1

2 :

(PMKi) =






∑r
j=1

(
yMKi
j − qMKi

j

(
ξMKi
0 , ξMKi

1 , ξMKi
2

))2 → min

ξMKi
0 , ξMKi

1 , ξMKi
2 ε IR

(3.42)
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Figure 3.7: Approximation of the regulation of ploidy distribution by second order
polynomials. Fitted polynomials and experimental data. Data taken from Kuter [60].

where

qMKi
j

(
ξMKi
0 , ξMKi

1 , ξMKi
2

)
= qMKi

(
ξMKi
0 , ξMKi

1 , ξMKi
2 , THj

)

and

yMKi
j = experimentally found frequency of ploidy group i

at a normalized thrombocyte count TH .

Figure 3.7 shows the approximated polynomials qMKi(TH) which regulate the ploidy

distribution in the model.

The fractions fMK1...fMK4 of the cell outflow of the EMB compartment into the mega-

karyocyte compartments are calculated by normalization of the sum of the polynomials

qMKi to 1:

fMK1 (TH) =
qMK1(TH)

qMK1(TH) + qMK2(TH) + qMK3(TH) + qMK4(TH)
(3.43)

fMK2 (TH) =
qMK2(TH)

qMK1(TH) + qMK2(TH) + qMK3(TH) + qMK4(TH)
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fMK3 (TH) =
qMK3(TH)

qMK1(TH) + qMK2(TH) + qMK3(TH) + qMK4(TH)

fMK4 (TH) =
qMK4(TH)

qMK1(TH) + qMK2(TH) + qMK3(TH) + qMK4(TH)

Thus, one gets

fMK1(TH) + fMK2(TH) + fMK3(TH) + fMK4(TH) = 1 . (3.44)

This means that the cell stream leaving the endoreduplication compartment is dis-

tributed completely into the four megakaryocyte maturation compartments MK1...MK4.
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3.1.4 Summarized System Equations of the Rat Model

ẋPS = −λPSactive · γPS · xPS + 2 · ρPS · γPS · λPSactive · xPS (3.45)

yPS = 2 · (1− ρ) · γPS · λPSactive · xPS (3.46)

ẋC1 = uC + αC · xC1 − λC · xC1 (3.47)

ẋC2 = λC · xC1 + αC · xC2 − λC · xC2

...

ẋC5 = λC · xC4 + αC · xC5 − λC · xC5

yC = λC · xC5 (3.48)

where

C = NC, C1, C2, EMB, MK1, MK2, MK3, MK4, ICV, TH

with

αEMB, αMK1, αMK2, αMK3, αMK4, αTH = 0 (3.49)

ẋR = uR − λR · xR (3.50)

uNC = νPS,NC · yPS (3.51)

uC1 = νNC,C1 · yNC (3.52)

uC2 = νC1,C2 · yC1 (3.53)

uEMB = νC2,EMB · yC2 (3.54)

uMKi = fMKi · νEMB,MK · yEMB (3.55)

uTH = νMK,TH ·
4∑

i=1

pMKi · yICV · yMKi (3.56)

fMKi (TH) =
qMKi(TH)

∑4
j=1 q

MKj(TH)
, i = 1...4 (3.57)

qMKi(TH) = ξMKi
0 + ξMKi

1 · TH + ξMKi
2 · (TH)2 , i = 1...4 (3.58)

ρPS = ξPS1 + ξPS2 · e−ξPS3
·PS (3.59)

γPS = ξPS4 + ξPS5 · e−ξPS6
·Z (3.60)
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αNC = ξNC
1 + ξNC

2 · e−ξNC
3

·Z (3.61)

αC1 = ξC11 + ξC12 · e−ξC1
3
·(C1+C2+EMB+MkMass)/4 (3.62)

αC2 = ξC21 − ξC22 · e−ξC2
3
·R (3.63)

uR1 = ξR1 + ξR2 · e−ξ
R
3
·TH (3.64)

uR2 = ξR4 + ξR5 · e−ξ
R
6
·(C2+EMB+MkMass)/3 (3.65)

uR =
1

2
· uR1 +

1

2
· uR2 (3.66)

uICV = ξICV1 − ξICV2 · e−ξICV3
·R (3.67)

PS =
xPS

xPS steady state
(3.68)

PSinj =
xPSinj

xPS steady state
(3.69)

C =

∑5
i=1 x

C
i∑5

i=1 x
C steady state
i

(3.70)

where

C = NC, C1, C2, EMB, MK1, MK2, MK3, MK4, ICV, TH (3.71)

MK =

∑4
i=1

∑5
j=1 x

MKi
j∑4

i=1

∑5
j=1 x

MKi steady state
j

(3.72)

R =
xR

xR steady state
(3.73)

MkMass =MK · ICV (3.74)

Z = (wPS · (PS + PSinj) + wNC ·NC + wC1 · C1 (3.75)

+ wC2 · C2 + wEMB · EMB + wMk ·Mk)

·
(
wPS + wNC + wC1 + wC2 + wEMB + wMk

)−1

Denotations

xCi = state variables

uCi = inflow functions

yCi = outflow functions

λC = flow rates or cell differentiation rates

αC = cell production rates

ξCi = regulation coefficients
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pMKi = specific platelet productivity of ploidy groups

νA,B = flow normalization factor for flow from A to B

wC = weighting factors according to cell frequency in bone marrow

qMKi = values of interpolation polynomials for ploidy frequencies

fMKi = normalized interpolated ploidy frequencies

Constants

λPS = 1/10 λNC = 5/50 λC1 = 5/96

λC2 = 5/48 λEMB = 5/35 λMKi = 5/35

λICV = λMKi λTH = 5/96 λR = 1/10

ξPS1 = 0.49 ξPS2 = 0.14 ξPS3 = 2.639

ξPS4 = 0.098 ξPS5 = 0.902 ξPS6 = 6.115

ξNC
1 = 0 ξNC

2 = 0.0426 ξNC
3 = 1.1903

ξC11 = 0.0126 ξC12 = 0.0134 ξC13 = 0.9664

ξC21 = 0.0469 ξC22 = 0.0217 ξC23 = 0.6355

ξR1 = 0 ξR2 = 1000 ξR3 = 6.9078

ξR4 = 0 ξR5 = 10 ξR6 = 2.3026

ξICV4 = 0.0469 ξICV5 = 0.0217 ξICV6 = 0.6335

ξMK1
0 = 0.0755 ξMK1

1 = 0.0838 ξMK1
2 = 0.0026

ξMK2
0 = 0.3770 ξMK2

1 = 0.3522 ξMK2
2 = −0.1034

ξMK3
0 = 0.4848 ξMK3

1 = −0.3577 ξMK3
2 = 0.0786

ξMK4
0 = 0.0523 ξMK4

1 = −0.0667 ξMK4
2 = 0.0187

wPS = 4.4759 · 105 wNC = 3.4577 · 105 wC1 = 3.5360 · 105

wC2 = 1.4144 · 106 wEMB = 2.0052 · 106 wMK = 2.0052 · 106

νPS,NC = 1/0.01 νNC,C1 = 1/2 νC1,C2 = 1/8

νC2,EMB = 1/8 νEMB,MK = 1 νMK,TH = 0.2197
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3.1.5 Approaches to Verification and Validation

Examination of the quality of such a model should take into account different methods

to compare different model variables against reality. To examine the steady state

characteristics the model and experimental cell numbers have to be compared. To

examine the model dynamics different disturbances are simulated.

3.1.5.1 Verification of Steady State Model and ”Real World” Cell

Numbers

The following sections explain the methods of comparing model compartment contents

to experimentally determined cell concentrations.

3.1.5.1.1 Principles of Calculation

As it was mentioned before, the ”real world” cell numbers are not used in the mathe-

matical model equations, so the cell numbers corresponding to the several compart-

ments have to be calculated separately. Based on well known numbers of thrombocyte

turnover in rats and the parameters of the model, the absolute cell numbers corre-

sponding to the model compartments are derived.

The approaches for the calculations are based on the equation

OutF lowsteady state = λsteady state · CellNumbersteady state (3.76)

which is transformed to

CellNumbersteady state =
OutF lowsteady state

λsteady state
(3.77)

and with

λsteady state =
1

TransitT imesteady state
(3.78)

finally results in

CellNumbersteady state = OutF lowsteady state · TransitT imesteady state . (3.79)
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The basic size OutF low is successivly calculated throughout the model compartments

by the compartment steady state amplifications Asteady state of the cell streams:

OutF lowsteady state = Asteady state · InF lowsteady state (3.80)

where A in general denotes the amplification resulting from cell divisions.

3.1.5.1.2 Calculation and Verification

Schermer [82] assumes the thrombocyte count in rats to be about

ThCount = 800 · 109/l(G/l), (3.81)

the blood volume

BloodV olPerBodyWeight = 5.5ml / 100g body weight, (3.82)

and the body weight

BodyWeight = 250g . (3.83)

This gives a total thrombocyte number in the rat of

ThNum = ThCount ·BloodV olPerBodyWeight ·BodyWeight (3.84)

= 1.1 · 1010.

With the (model) turnover time for thrombocytes of

TTh = 96 h (3.85)

which means that every 96 h the total amount of platelets is renewed, one gets a

thrombocyte turnover of

ThTurnOver =
ThNumber

TTh
(3.86)

= 1.1458 · 108/h
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in the rat. If the thrombocyte productivity of a megakaryocyte is assumed to be on

average about

ThProdPerMk ≈ 2000 (3.87)

thrombocytes per megakaryocyte, this leads to a megakaryocyte turnover of

MkTurnOver =
ThTurnOver

ThProdPerMk
(3.88)

= 5.73 · 104/h

in rats. With an estimated fraction of 15h of the transit time of 35h of the EMB

compartment where the megakaryocytes become morphologically recognizable and 35h

in the compartments of the maturing megakaryocytes MKi one gets a transit time of

TMkMorphRec = 15h+ 35h (3.89)

= 50h

for morphologically recognizable megakaryocytes. This corresponds to a total mega-

karyocyte number of

MkCorrCellNum = MkTurnOver · TMkMorphRec (3.90)

= 2.86 · 106

for one rat. Related to the value of

BmCellNumPerBodyWeight = 1200 · 104/g body weight (3.91)

rat bone marrow cells per g body weight [63] and a resulting number of bone marrow

cells of

BmCellNum = BmCellNumPerBodyWeight ·BodyWeight (3.92)

= 3.0 · 109
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this gives a frequency of megakaryocytic cells in bone marrow of

MkCellFreq =
MkCellNumber

BmCellNum
(3.93)

= 9.54 · 10−4

≈ 0.1%

which corresponds very good to the experimental values of 0.2% reported by Boll [2].

The corresponding steady state cell number of the C2 compartment can be calculated

as:

C2CorrCellNum =

5∑

1

xC2Corri (3.94)

=

5∑

1

C2OutF low · (AC2)
i
5 · TransT ime

C2

5

=

5∑

1

MkInflow · (AC2)
i
5 · TransT ime

C2

5

=

5∑

1

MkTurnover · (AC2)
i
5 · TransT ime

C2

5

= MkTurnover · TransT ime
C2

5
·

5∑

1

(AC2)
i
5

= 1.4144 · 106 (cells)

The corresponding frequency is

C2CorrCellF req =
C2CorrCellNum

BmCellNum
(3.95)

= 4.7147 · 10−4

in bone marrow cells. Assuming that the CFU-Mk are histogenetically located at the

earlier part of the C2 compartment and thus colony formation is only possible for a

fraction of the compartment, this result fits well to experimental values of 0.01% to

0.025% reported by Williams [99] and 0.0367% reported by Long [65].
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The corresponding cell number for the C1 compartment is

C1CorrCellNum =

5∑

1

xC1Corri (3.96)

=

5∑

1

C1OutF low · (AC1)
i
5 · TransT ime

C1

5

=

5∑

1

C2Inflow · (AC1)
i
5 · TransT ime

C1

5

=

5∑

1

C2Outflow

AC2
· (AC1)

i
5 · TransT ime

C1

5

=
C2Outflow

AC2
· TransT ime

C1

5
·

5∑

1

(AC1)
i
5

= 3.5360 · 105

cells. The frequency in bone marrow is

C1CorrCellF req =
C1CorrCellNum

BmCellNum
(3.97)

= 11.787 · 10−5 .

Experimental values for the BFU-Mk, which is again assigned to the early part of the

C1 compartment are about 7.3 · 10−5, reported by Long [65].

For calculation of the model derived corresponding cell number of the NC compartment

it is assumed, that about 20% of the cells produced by the noncommitted progenitor

cells develop into megakaryocytic committed progenitor cells. This assumption is

derived from cell colony experiments with CFU-GEMM [90], in which a fraction of

≈ 20% of colonies grow into megakaryocytic colonies. Like described for the C1 and

C2 compartment, the corresponding cell number of compartment NC are calculated

as

NCCorrCellNum = 1.73 · 105 (3.98)

cells. Thus, the frequency in bone marrow would be

NCCorrCellF req = 5.77 · 10−5 . (3.99)
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Figure 3.8: Directly affected compartments under different experimental setups.

Experimental values for the CFU-GEMM, which are in-vitro examples for noncom-

mitted progenitor cells are about 4 · 10−5 in bone marrow [69].

The content of the PS compartment corresponds to

PSCorrCellNumber = 2.24 · 105 (3.100)

cells or a frequency in bone marrow of

PSCorrCellF req = 7.46 · 10−4 . (3.101)

Experimental frequencies of CFU-S which are known to be histogenetically close to

the pluripotent stem cells are about 5− 30 · 10−5 [70].

In general, it is to say, that the quality of information about cell development de-

creases with decreasing differentiation. Another problem is the possibility of in-vitro

experiments to produce artefacts. However, most calculations based on the model fit

well to experimental values.

3.1.5.2 Verification of the Model Dynamics in the Disturbed System

Figure 3.8 shows the initially affected compartments of these disturbances simulated

in the following sections. Of course other cell compartments are involved indirectly in

the following reactions.

3.1.5.2.1 Disturbances of the Platelet Numbers in the Peripheral Blood

In experiments of Odell [77] rats were made thrombocytopenic (reduced platelet count)

to levels of 10%, 40% and 70% by exchange transfusion with platelet-poor blood. In
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Figure 3.9: Simulations of exchange transfusion experiments. Experimental data and
simulation results.

these experiments only the latest part of thrombocytopoiesis, the thrombocyte com-

partment is manipulated. Characteristic for the simulations of these experiments is,

that in the resulting reaction only the part of the later development stages is involved.

The earlier compartments and the pluripotent stem cells are not stimulated by this

disturbance. Simulations were performed by setting the initial values of the TH com-

partment to the platelet levels achieved by the exchange transfusion. Figures 3.9a-c

show the experimental data and the simulation results. In another experiment the

reaction of the system to thrombocytosis (increased platelet count) induced by hyper-

transfusion is tested [21]. For the simulation the initial value for the TH compartment

was set up corresponding to the experimental platelet count. The result is shown in

figure 3.9d.

3.1.5.2.2 Administration of Cytostatic agents

The cytostatic drug 5-Fluorouracyl (5-FU) is known to damage mainly cells which are

synthesizing DNA and to spare the early stem cells. Thus, in the presented model the

strongly affected cell pools are C1, C2 and EMB compartments. The 5-FU experiment
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Figure 3.10: Single administration of 5-Fluorouracil at time 0. Experimental data
and simulation results.

causes disturbances in the middle stages of the model and spares the PS, MK and TH

compartment. In the following reaction, the PS compartment is strongly involved

to repopulate the damaged cell pools. For simulation of the administration of 5-FU

the initial value for the fraction of remaining cells in C2 was set to 1% according to

experimental results [100]. The numbers for NC, C1 and EMB were estimated via

least-square fitting of platelet counts against experimental data from Ebbe [23]. The

estimated remaining cell numbers were 100% for NC, 23% for C1, and 0% for EMB.

These values are compatible to known effects of cytostatic agents. The initial values

for other cell pools were not changed and are 100% for the PS, MK1...MK4 and TH

compartment. Figures 3.10a,b show a simulation of the mouse thrombocytopoetic

system in reaction to 5-FU.

3.1.5.2.3 Repopulation of the Stem Cell Compartment

Calculations based on the repopulation dynamics of the stem cell compartment shown

in figure 3.11 result in a doubling time of

Tdoubling =
t1 − t0
log2(

x1
x0
)
≈ 100 h

log2(
2·10−3

2·10−2 )
= 30 h . (3.102)
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Figure 3.11: Repopulation of the stem cell compartment after TBI. Simulation result.

This is similar to the 27-30 h which were estimated in [32] from experiments of several

authors.

3.1.6 Simulation and Estimation Times

A simulation of the system in MATLAB r© takes about 10 seconds for a simulated ”real

life” time of 1000 hours. Estimation (optimization) times are in the area of about 5

to 10 minutes on a 500 MHz Pentium II r© PC with a modified version of the model,

in which simulation speed was increased by mathematically combining the parallel

MK1...MK4 compartments into one serial compartment.
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Figure 3.12: Radiosensitivity of the hematopoietic system, following [74] and [7].

3.2 Model Based Analysis of the Hematological

Effects of Acute Irradiation

The following sections show the application of the developed model of thrombocy-

topoiesis for the analysis of hematological effects of acute irradiation. The necessary

extensions of the model and the model based methods for estimation of surviving

fractions of stem cells are explained. Data of rats and humans are evaluated.

3.2.1 Hematological Effects of Acute Irradiation

The effects of irradiation on hematopoiesis are a consequence of the physiology of the

hematopoietic system with its fast cell turnover [6] Since the hematopoietic system

has a part of very active cell proliferation it is very radiosensitive. Experiments show

further, that the earlier development stages of hematopoieisis are in general more ra-

diosensitive than the later ones. Peripheral blood cells are in general radioresistant and

not affected in radiation experiments or accidents (with exception of the lymphocytes)

[5] [74]. The general scheme of hematopoietic radiation sensitivity is summarized in

figure 3.12. Cells can either be destroyed immediatly if hit by radiation or injured

with the consequence that they can only perform a few divisions more [5]. The con-
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sequence of the destruction of stem, progenitor, and precursor cells is a reversible or

irreversible drop of cell numbers in the peripheral blood. The typical reaction pattern

of the thrombocytes in humans shows a stable shoulder in a range of 2 to 10 days after

irradiation with a subsequent drop of platelet counts. Granulocyte counts can show

an initial overshoot over the individual normal values between the days 0 and 5 and a

following decrease of cell numbers. Lymphocytes in general react very fast and counts

decrease immediately after irradiation and reach minimum values already within 2

days. Erythrocytes in general stay at a normal level since their survival time is with

about 120 days very much longer compared to the white blood cells and platelets.

Irradiation damages not only the hematopoietic system, but in general all cell systems

with a fast cell turnover. Such are, for example, the gastrointestinal system with its

fast cell renewal system of the mucous membranes and the skin [8].

As a result, several pathophysiological dysfunctions occur, such as the hematopoietic

syndrome, the gastrointestinal syndrome, radiation skin burns, oligo and azoo spermia

and some others. The full picture of these interacting syndromes and impairments is

called the ”acute radiation syndrome”.

3.2.2 Model Extension: A Compartment for Injured Stem

Cells

Experiments with cell cultures led to the conclusion that after irradiation there exists

a fraction of ”injured” stem cells, which show reduced self replication probability and

a slower proliferation than normal cells [9]. Estimations based on experimental results

described in [9] show for example a doubling in generation time of cells irradiated with 5

Gy. For this reason for the proposed model of acute radiation effects it is considered to

be important to assume the presence of an ”injured stem cell” compartment composed

of cells ”hit” by radiation and injured in their proliferative potential.

The general structure of this model is the same like in the ”normal” pluripotent stem

cells, but with another proliferative activity and self replication probability. The cell

generation time is assumed to be twice as much as in normal cells, what means that

λPSinj = 0.5 ·λPSactive, for the self replication probability a value of 0.05 is chosen, which

was already used in [33].
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The system equations are similar to that of the ”healthy” pluripotent stem cell com-

partment:

ẋPSinj = −λPSinj · xPSinj + 2 · ρPSinj · λPSinj · xPSinj (3.103)

yPSinj = 2 ·
(
1− ρPSinj

)
· λPSinj · xPSinj (3.104)

As a consequence of splitting the PS compartment into a PS and a PSinj compartment

several model equations have to be adapted:

uNC = νPS,NC ·
(
yPS + yPSinj

)
(3.105)

ρPS = ξPS1 + ξPS2 · eξPS3
·(PS+PSinj) (3.106)

PSinj =
xPSinj

xPS steady state
(3.107)

Z = (wPS · (PS + PSinj) + wNC ·NC + wC1 · C1 (3.108)

+ wC2 · C2 + wEMB · EMB + wMK ·MK)

·
(
wPS + wNC + wC1 + wC2 + wEMB + wMK

)−1

3.2.3 Least Square Estimation with a Nonlinear ODE Model

From the mathematical perspective estimating the contents of cell pools can be de-

scribed as a curve fitting or optimization problem with the initial values of the dif-

ferential equation system as optimization parameters. In general the solution of the

differential equation system can not be given in an analytical way, and a numerical

solution has to be calculated by suitable solution algorithms like the Runge-Kutta,

Euler or other methods. In the proposed model only ordinary differential equations

(ODEs), for which in general different kinds of solution algorithms exist, were used.

The calling sequence of such an optimization or curve fitting procedure is implemented

in the following iterative way:
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Find suitable initial values ~v for the ODE system.

Calculate numerical solution of the ODE system with ~v.

Compare deviation data/model.

REPEAT

Modify solution ~v to ~v′ according to search strategy / optimization routine.

Calculate numerical solution of the ODE system with ~v ′.

Calculate deviation data/model.

IF ~v′ is better than ~v THEN

~v := ~v′

END IF

UNTIL no better solution is found (for a longer time).

END REPEAT

Figure 3.13 visualizes the work of the estimation procedure. For a given set of data

stored in a vector M the optimizing algorithm follows a special strategy for fitting the

output Yj of the simulations to the data set M . The deviation of the model output

and the data set is given by

Dj = (M − Yj)
T (M − Yj) . (3.109)

For each iteration step the optimizer has to perform one or more simulations of the

complete model. After a sequence of iterations the optimizer stops. Stopping criteria

are reached if no more improvement of the solution can be achieved or if the number

of iterations becomes too large.

3.2.4 Implementation of the Estimation Method

An implementation of the estimation method described above has to take into account

several tasks.
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Figure 3.13: Process structure of a least square estimator based on nonlinear differ-
ential equations.

3.2.4.1 Characteristics of the Optimization Problem

In the case of the optimization problems, which have to be solved for the realization

of the proposed estimation method, one has to deal with the following optimization

problem characteristics:

• Nonlinearity caused by the model and the objective function.

• Type of objective function (sum of least squares).

• Variables of the objective function (multivariate, real numbers).

• Constraints (No negative solutions for cell pool contents, biological prerequi-

sites).

• Incomplete convexity.

The identifyed characteristics are important prerequisites for the selection of suitable

optimization algorithms.
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3.2.4.2 Identification of Suitable Optimization Algorithms

There exist no secure standard solution methods for the described mathematical prob-

lem. For this reason it is necessary to identify heuristic mathematical optimization

algorithms, which are suitable for the characteristics of the optimization problem.

Possible algorithms are

• nonlinear optimization algorithms with constraints, like

- Sequential Quadratic Programming Algorithms

- Trust Region Algorithms

• nonlinear optimization algorithms without constraints and work-arounds for con-

straints by penalty functions like the Levenberg-Marquardt algorithm.

A review on the relevant optimization techniqes is found in the book of Neumann [73].

3.2.4.3 Identification of the Necessary Free Parameters

The mathematical model of thrombocytopoiesis for acute radiation effects consists of

53 ordinary differential equations (ODEs). Taking all 53 initial values of the model

ODEs as separate optimization variables would result in a large optimization prob-

lem. In connection with characteristics of our problem like constraints and unsecure

convexity it is reasonable to assume that in most fitting cases todays optimization

algorithms could not produce a convergent optimal solution. Another reason is the

calculation time, that would be enormous for a 53 variable optimization problem of

that structure. Since every function evaluation in the optimization algorithm means

a complete simulation of the model, calculation times in the area of one or more days

could be the consequence. Thus, it is reasonable to make clear, which initial values

have to be regarded as optimization variables and which can be used as non-variable

initial values. An argument for a non-variable initial value is for example a neglectible

radiation sensitivity. Moreover it is reasonable to bundle sets of initial values. The

first obvious step is to merge the single ODEs of the compartments belonging to one

cell pool to one variable. The next step is to find out, if initial values of two or more

cell pools can be merged. For the estimation problem the following assumptions were

made:
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• PS and PSinj are set up with own optimization variables, since a correlating

radiation sensitivity is not known.

• The NC, C1 and C2 compartment are set up with own optimization variables

• Cells of the EMB compartment are assumed to be radioresistant. This assump-

tion is based on evulations of experimental results of Mueller [71] and Stein

[88].

• Megakaryocytes of the compartments MK1...MK4 are assumed to be radioresis-

tant [18] [10] [71] [88].

The following optimization variables were used:

θ1 = fraction of surviving cells of compartment PS (3.110)

θ2 = fraction of injured stem cells in compartment PSinj (3.111)

θ3 = fraction of surviving cells of compartment NC (3.112)

θ4 = fraction of surviving cells of compartment C1 (3.113)

θ5 = fraction of surviving cells of compartment C2 (3.114)

These variables are connected to the model ODEs in form of initial values, which

are calculated by multiplication of the θi values with the steady state values of the

corresponding state variables. If

0xC denotes the initial value of variable xC

and

∗ denotes the the steady state values

the initial values satisfy the equations:

0xPS = θ1 · 0x
PS∗

(3.115)

0xPSinj = θ2 · 0x
PS∗

(3.116)

0xNC
i = θ3 · 0x

NC∗
i i = 1...nNC (3.117)
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0xC1i = θ4 · 0xi
C1∗

i = 1...nC1 (3.118)

0xC2i = θ5 · 0xi
C2∗

i = 1...nC2 (3.119)

3.2.4.4 Identification of Suitable Software

Many different software systems exist for optimization problems. Since the model

functions were implemented in MATLAB r© programming language [92] it was decided

to use this software system again for the optimization problems. For the MATLAB r©

system two algorithm collections are available, the MATLAB Optimization Toolbox r©

[93] and the well known NAG r© numerical library of the NAG r© Numerical Algorithms

Group Ltd. [91] in form of the NAG r© Foundation Toolbox For Use with MATLAB r© .

3.2.4.5 Selection of the Optimization Algorithm for Application

Since there exist no standard methods for analytical solution of the model ODE system,

solutions have to be calculated by numerical approximation methods, like discussed

above. As a consequence, the fitting optimization problem can not easily be analyzed

for nonlinearity, convexity and other typical characteristics used in operations research.

The best algorithm(s) can only be found by comparison of the results of the different

algorithm applications. Test runs have to be performed and evaluated for convergence,

number of iterations, and influence of the optimization starting values.

Different optimization methods and algorithms implemented in the MATLAB Opti-

mization Toolbox r© were tested for the optimization problems:

• SQP-Algorithms (Sequential Quadratic Programming Algorithms) with constraints

[93] [73] .

• Trust Region Algorithms with constraints [93], [73] .

• Levenberg-Marquardt algorithms with penalty functions for including constraints

[93] [73] .

Taken all together, the Trust Region Algorithms delivered the most satisfying results.
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3.2.5 Estimation of Remaining Stem Cell Numbers in Rat

Experiments

Figure 3.14 shows simulations which are results of least square optimization processes.

Data were taken from experimental works of Stein [87] (a-e) and Ebbe [19] (f).

Figure 3.15 summarizes the important results of the optimization runs on the data of

the several irradiation experiments done by Stein [87]. The experimental animals were

rats.

3.2.6 Adaption of the Model to the Human

Thrombocytopoietic System

To apply the stem cell estimation methods developed in section 3.2.5 to humans, it is

necessary to adapt the basic rat model to the human thrombocytopoietic system.

Since typical cell division times and differentiation times are in general longer than in

the rat, the cell kinetic parameters of the model have to be calculated for the human

system. Further, the regulation parametes have to be adapted in the case of changing

ratios of compartment cell numbers. Then, new steady states for the cell pools have

to be calculated.

Compared to the model of thrombocytopoiesis in rodents, there are less data available

for calculating the parameters of the human system. For this reason, several param-

eters of the human model have to be extrapolated by known relations between cell

development times in rodents and in men.

3.2.6.1 Adaption of Model Parameters to Human Cell Generation Times

The cell generation time in rodents was estimated to be about 10h (see chapter 3.1).

In general, it is assumed that cell turnover times in humans are about twice as long

compared to rodents. For the human hematopoietic system typical cell generation

times of about 18-24 h are estimated [89], which supports this assumption. For this

reason, it can be assumed that the average cell generation time for the mathematical

model in humans is twice as long as in rodents. The same assumptions are made for

the differentiation times.
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(c) 3.0 Sv, Stein
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(d) 4.5 Sv, Stein
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Figure 3.14: Fitting results for the estimation of stem cell numbers after total body
irradiations of rats at different doses. Experimental data and simulation results. Data
from Stein [87] and Ebbe [19].
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Figure 3.15: Estimated fractions of surviving and injured stem cells in rats after
irradiation. Data from Stein [87].

3.2.6.2 Megakaryocyte Turnover Time

For the rodent model the transit time for megakaryocytes was estimated by least square

fitting of gamma-delayed serial compartments against experimental data (see section

2.3.7.1) to be about 35h. For the human system no data of the quality which would

be necessary for the same estimation process are available. However, there exist other

estimations which give rise to the assumption, that the megakaryocyte transit time in

humans is about 10 days [5].

3.2.7 Model Extension: A Damage Function for Human

Megakaryocytes

The simulations of total body irradiation experiments with the rodent model were

performed using the assumption that megakaryocytes are radioresistant. This means

on the modeling level, that the complete megakaryocyte compartment was simulated

to be not initially affected. This hypothesis is supported by the typical ”shoulder”

before the drop in thrombocyte counts after TBI. The length of this shoulder is about

48h and does not change recognizably by varying radiation doses. This behaviour is

different from that found in data from accidentally irradiated humans. There, one can

recognize that the length of this shoulder varies in correlation to the received radiation
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Figure 3.16: Thrombocyte response patterns with different drop delay ”shoulder”
lengths.

dose. In less severe affected cases typical shoulder lengths in the thrombocyte count

of about 10 d are observed. These can shorten down to 2 d in severe cases (figure

3.16). This can be explained by the assumption, that megakaryocytes in humans show

a more differentiated radiosensitivity which is negatively correlated to their degree

of differentiation. Figure 3.17 visualizes the damage patterns of megakaryocytes and

the corresponding response patterns of the thrombocytes. This megakaryocyte damage

pattern can be simulated by adapting the initial values xMKi
1 (0) ... xMKi

5 (0) of the single

compartments of the megakaryocyte submodel. This has the disadvantage, that 5 new

parameters have to be introduced to the model in case of stem cell estimations with

optimization routines. The consequences would be a very much longer estimation

time and impaired convergence behaviour of the optimization procedure. The task

arising from this problem is to reduce the number of necessary parameters for the

megakaryocyte submodel to a minimal set. In our model this was done by using the

bundle of functions

0xMKj
i (ξ) = qωi·ξ, j = 1...4, i = 1...5 (3.120)

ωi ≥ 1 (3.121)
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Figure 3.17: Megakaryocyte damage patterns and corresponding thrombocyte re-
sponse patterns.

where

0xMKj
i (ξ) denotes the initial value at time 0

of the compartment with index i

in the megakaryocyte submodel

for the ploidy group with index j

and

i = index of the compartment i in submodel j

n = number of compartments in the megakaryocyte submodel

j = index of the megakaryocyte ploidy

ωi = development/compartment specific damage parameters

ξ = general parameter for the degree of damage

q = parameter which describes the steepness of change

in the degree of damage between the compartments.
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For the values of ωj the functional approach

ωi = (n− i+ µ) · ξ (3.122)

was used, where

µ > 0

describes the basic damage behaviour. One gets for the initial values of the compart-

ments the bundle of functions:

0xMKj
i (ξ) = q(n−i+µ)·ξ (3.123)

where

i = index of the compartment

n = number of compartments in the megakaryocyte submodel

j = index of the megakaryocyte ploidy

µ = damage behaviour starting with the last compartment

ξ = parameter which characterizes the degree of damage

q = parameter which controls the effect of the damage parameter.

Different values for the parameters q and µ were testet in various simulations. The

values 0.64 for q and 0 for µ gave good fittings to most cases. Quality of fitting

regarding different aspects including flexibility of adaption to different damage patterns

can not easily be measured by a mathematically defined size. Thus, assessment of

fitting quality was done using visual comparisons of several simulation results. Thus,

the finally used initial value functions 0xMKj
i (ξ) become:

0xMKj
1 (ξ) = q4·ξ (3.124)

0xMKj
2 (ξ) = q3·ξ

0xMKj
3 (ξ) = q2·ξ

0xMKj
4 (ξ) = q1·ξ
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Figure 3.18: Initial values of compartments of the megakaryocyte submodels with
rising damage parameter ξ.

0xMKj
5 (ξ) = q0·ξ

q = 0.64 . (3.125)

Figure 3.18 shows the changes in the initial values 0xMKi
j (ξ) of 5 serial compartments

of the megakaryocyte submodel in dependency of the megakaryocyte damage parame-

ter ξ. Finally, the initial values for the compartments are controlled by one parameter

which replaces the former five independent values.

3.2.8 Model Extension: A Compartment for Fragmenting

Megakaryocytes

Since it can be observed that the typical shoulder of the thrombocyte count after TBI

in the peripheral blood does not shorten to values below ≈ 48h it can be concluded,

that in this phase the production of platelets must be nearly completely radioresistant

comparable to mature platelets. It can be assumed that this time is the phase be-

tween the termination of all normal cellular functions of the megakaryocytes and the
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appearance of the platelets in the peripheral blood. It is likely, that in this time the

megakaryocytes fragment to platelets. For this reason the human model was extended

by an additional compartment for this fragmentation phase. A transit time of 48 h

was assumed. The structure is a series of 5 concatenated differential equations. The

system equations are

ẋMKF
1 = uMKF −λMKF · xMKF

1 (3.126)

ẋMKF
2 = λMKF · xMKF

1 −λMKF · xMKF
2

...

ẋMKF
5 = λC · xMKF

4 −λMKF · xMKF
5

yMKF = λMKF · xMKF
5 . (3.127)

The compartment series is supplied by the four megakaryocyte ploidy groups. The

inflow function becomes

uMKF = νMK,TH ·
4∑

1

pMKi · yICV · yMKi . (3.128)

The inflow function of the thrombocyte compartment changes to

uTH = νMKF,TH · yMKF . (3.129)

3.2.9 Estimation of Remaining Stem Cell Numbers of

Radiation Accident Patients

Now that the basic model of thrombocytopoiesis developed for rodents is transformed

to the human system this model can be used for estimation of remaining stem cell

numbers in humans. Data are taken from radiation accident patients of the Chernobyl

accident and others.
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3.2.9.1 Details of the Estimation Method, Optimization Parameters,

Deviation Function

The basic approach for estimation of stem cell numbers is the same like developed

for the rat experiments. An extension is made by an additional parameter for the

simulation of the megakaryocyte damage pattern (see 3.2.7). For the human system

again an appropriate selection of optimization variables has to be found. The following

assumptions were used:

• PS and PSinj are represented by separate optimization variables.

• The NC initial value is set up by an separate optimization variable.

• The initial values for C1 and C2 are merged into one collective optimization

variable.

• The EMB initiation is regarded to be a function of the megakaryocyte damage

parameter ξ (see 3.2.7):

0xEMB
i (ξ) = q5·ξ (3.130)

• The MK1...MK4 compartments are initialized by the development specific dam-

age functions 0xMKj
i (ξ) which were defined in section 3.2.7 .

3.2.9.2 Estimation Results

The resulting simulations of the estimation runs are shown in figures 3.19 and 3.20.

The data used for estimation are taken from selected patient data sets of the ra-

diation accident database of our institute [29]. These patients were assigned to so

called response categories (RCs) reflecting the severity of injury by relevant clinical

symptoms. The given response categories are derived from rules worked out by the

METREPOL team. METREPOL is project of the European Comission (EU contract

number FI4PCT970067) consisting of international radiation medicine experts. The

aim of METREPOL is to elaborate treatment protocols for the clinical management

of radiation accident patients.
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(a) RC1, Case 1078. Estimation results:

PS = 6.4·10−2, PSinj = 6.4·10−2.
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(b) RC1, Case 1115. Estimation results:

PS = 3.9·10−1, PSinj =3.9·10−1.
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(c) RC1, Case 1121. Estimation results:

PS = 3.8·10−1, PSinj = 6.2·10−1.
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(d) RC2, Case 1035. Estimation results:

PS = 2.8·10−4, PSinj = 2.8·10−4.
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(e) RC2, Case 1106. Estimation results:

PS = 3.4·10−3, PSinj = 1.3·10−2.
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(f) RC3, Case 1013. Estimation results:

PS = 8.0·10−9, PSinj = 3.2·10−4.

Figure 3.19: Patient data of different response categories (see text) and fitting results
for the estimation of surviving fractions of stem cells. Surviving fractions for PS and
PSinj are given in [Times of Normal Value].
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(a) RC3, Case 1033. Estimation results:

PS = 1.3·10−8, PSinj = 2.1·10−3.
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(b) RC4, Case 1026. Estimation results:

PS = 5.2·10−3, PSinj = 5.2·10−3.
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(c) RC4, Case 1012. Estimation results:

PS = 2.5·10−1, PSinj = 4.2·10−1.
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(d) RC4, Case 3088. Estimation results:

PS = 9.9·10−14, PSinj = 1.3·10−5.

Figure 3.20: Patient data of different response categories RCx (see text) and fitting
results for the estimation of surviving fractions of stem cells. Surviving fractions for
PS and PSinj are given in [Times of Normal Value].

Figure 3.21 shows the relationship of the estimated remaining fractions of pluripotent

and injured (model) stem cell numbers and the clinical response categories.

In response category 4 the estimations for two cases resulted in values which are of

orders of magnitude like found in RC1. The reason for this is the short time span

of the data. The very severly irradiated patients with the numbers 1012 and 1026

died within a short time after irradiation. As a consequence, the available time span

of data is about 20 days. Since platelets and megakaryocytes have transit times of 8

- 10 days, this duration is too short for reasonable estimations of the PS and PSinj

compartments. The patient 3088 lived longer and a better estimation of stem cell

numbers was able, showing the very low surviving fraction of PS and PSinj, as would
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Figure 3.21: Estimation results of stem cell surviving fractions in radiation accident
patients.

have been expected from the clinical picture.
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3.3 Model Based Analysis of the Hematological

Effects of Chronic Irradiation

Chronic radiation exposure experiments on animals show several interesting effects

on the hematopoietic system. One of these effects is the temporary compensation of

excess cell loss caused by radiation induced permanent cell damage. Of course, there

are other phenomena caused by radiation exposure of the hematopoietic system as

well. These can overlay the results of the compensatory mechanisms.

3.3.1 Hematological Effects of Chronic Radiation Exposure

The effects of chronic radiation exposure to hematopoiesis are again based on the

damaging or destructing effects of radiation on the cellular level. So it has to be as-

sumed that in chronic radiation fields cells are permanently destructed or damaged

and affected in their proliferative and functional potential. Extensive experimental

work on the effects of chronic radiation exposure to mammals was done by Lamerton

on rats [62] and by the group around Fritz and Seed on dogs [85] [83] [14] [15]. Fur-

ther experimental results can be found in [83] [39] [1] [62] [79]. An overview on the

pathophysiology of hematopoiesis in radiation fields can be found in [30]. The results

of these experiments can be summarized in the following effects of chronic irradiation:

• Suppression of blood cell numbers (figure 3.22) with temporary sufficient com-

pensation.

• Fast breakdown of the hematopoietic system with resulting death (figure 3.23).

• Suppression and following repopulation of blood cell counts (figure 3.24).

• Reduction of bone marrow cell numbers [48] [47] [61].

• Clinical consequences of blood cell suppression (e.g. infections).

• Acquired radioresistance of hemopoietic progenitors [84].

• Genetic damages with late effects such as leukemia (figure 3.25).

• Life shortening (figure 3.26).
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Figure 3.22: Bloodcount changes of a chronically irradiated dog with temporary new
steady state values. Daily dose: 75mSv. WBC = white blood cell count. PLAT =
platelet count. RBC = red blood cell count. - - - = termination of the experiment
caused by death or removal from the radiation field. Data from Dr. Fritz and Dr.
Seed, Argonne National Laboratory.
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Figure 3.23: Bloodcount changes of a chronically irradiated dog with short survival
time. Daily dose: 75mSv. WBC = white blood cell count. PLAT = platelet count.
RBC = red blood cell count. - - - = termination of the experiment caused by death or
removal from the radiation field. Data from Dr. Fritz and Dr. Seed, Argonne National
Laboratory.
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Figure 3.24: Bloodcount changes of a chronically irradiated dog with reconstitution
of thrombocytopoiesis and erythropoiesis. Daily dose: 75mSv. WBC = white blood
cell count. PLAT = platelet count. RBC = red blood cell count. - - - = termination
of the experiment caused by death or removal from the radiation field. Data from Dr.
Fritz and Dr. Seed, Argonne National Laboratory.

0

10

20

30

40

50

60

WB
C [

G/
l]

Dog Number: 1381                                    

0

0.5

1

1.5

PL
AT

 [T
/l]

0 200 400 600 800 1000
0

2

4

6

8

10

RB
C [

T/l
]

Time from start of exposure,                                                  
positive values in [d], negative values in [10 d ]                            

Figure 3.25: Changes in bloodcounts of a chronically irradiated dog developing
leukemia. Daily dose: 127.5mSv. WBC = white blood cell count. PLAT = platelet
count. RBC = red blood cell count. - - - = termination of the experiment caused by
death or removal from the radiation field. Data from Dr. Fritz and Dr. Seed, Argonne
National Laboratory.
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Figure 3.26: Survival times of chronically irradiated dogs as a function of the daily
received dose. The survival times of control dogs were corrected by the average exper-
imental radiation onset age of 400 days. Data from Dr. Fritz and Dr. Seed, Argonne
National Laboratory.

3.3.2 Adaption of the Model to the Canine

Thrombocytopoietic System

To analyze the platelet count dynamics of the dogs of the Argonne experiment the

rodent model had to be adapted to the canine thrombocytopoietic system. This trans-

formation was done by using the basic assumption, that cell kinetic processes in the

dog require twice as much time as in rodents. Thus, the cell generation time was

assumed to be ≈ 2 · 10 h = 20 h. The other kinetic parameters of the model were

adapted in the same way. The model regulators were used in the same design as in

the rodent model.

3.3.3 Modeling Excess Cell Loss

Damage of chronic irradiation to cells happens in general by causing defects in the

DNA of the cell nucleus. These disturbances of the genome can lead to cell death or

malfunction, which can be delayed to the time after one or more cellular divisions.

These effects can be summarized by the assumption of the presence of a permanent
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excess cell loss additional to the normal functional cell turnover in renewing tissues

like the hematopoietic system. The normal cell turnover is represented by the term

−λ·x(t). The excess cell loss is introduced to the differential equations as an additional

loss term −ε · x(t) in the system equations:

ẋ(t) = u(t) + α · x(t)− λ · x(t)− ε · x(t), x(0) = x0 (3.131)

Since it can be assumed, that the effect of cell loss is not constant from the beginning

of exposure, but rises from zero to a constant value, ε is set up as a function of time

in exponential form:

ε(t) = a+ b · e−c·t (3.132)

with

a = ε∗ > 0, boundary value for t→∞ (3.133)

= steady state value of ε(t)

b = −a

c > 0 steepnes parameter of the excess cell loss function.

A value of 1/1000 for the steepness parameter c showed good agreement of simulations

and experimental data. The amount of excess cell loss in different cell populations

depends on the radiation sensitivity. For this reason the excess cell loss rate ε is not

the same for all compartments of the model. The general assumption on the radiation

sensitivity of cell populations is summarized in figure 3.12. No exact data about the

radiation sensitivity of the early cell populations in the megakaryocytic development

line were available. Therefore the model for radiation induced permant excess cell loss

is based on the following assumptions:

• The compartments PS, NC, C1 and C2 are set up with the same excess cell loss

rates

εPS(t) = εNC(t) = εC1(t) = εC2(t) = ε(t).

• The EMB compartment is set up with an excess cell losss rate of
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Figure 3.27: The developed biomathematical model of thrombocytopoiesis extended
by elements for radiation induced excess cell loss. PS = pluripotent stem cells. PSinj
= injured stem cells. NC = noncommitted progenitor cells. C1 = early committed
progenitor cells. C2 = late committed progenitor cells. EMB = endoreduplicating
precursor cells and megakaryoblasts. MK1...MK4 = maturing megakaryocytes. TH =
thrombocytes. ICV = intra ploidy class volume. RegI, RegII = regulators. MkMass
= megakaryocyte mass. ρ = self replication probability. πMKi = probability for
differentiation into the megakaryocyte compartment MKi. εPS, εNC , εC1, εC2, εEMB

= radiation cnduced excess cell loss rates.

εEMB(t) = 1
3
· ε(t).

• The megakaryocyte and thrombocyte compartments MK1...MK4 and TH are set

up under the assumption of radioresistance. They receive no excess cell loss

(εMK1(t) = ... = εMK4(t) = εTH(t) = 0).

• The intra ploidy class volume ICV is assumed to be not influenced by radiation

exposure.

• Differentiation times are not assumed to be dependent from radiation exposure.

• Regulators are unchanged.
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The model is adapted to chronic irradiation by application of the following changes in

the system equations :

ẋPS = −γPS · λPSactive · xPS + 2 · ρPS · γPS · λPSactive · xPS−εPS · xPS (3.134)

ẋC1 = uC + αC · xC1 − λC · xC1 −εC · xC1 (3.135)

ẋC2 = λC · xC1 + αC · xC2 − λC · xC2 −εC · xC2

... ...

ẋC5 = λC · xC4 + αC · xC5 − λC · xC5 −εC · xC5

for the cell pools C where

C = NC, C1, C2, EMB.

Figure 3.27 shows the structure of the mathematical model for excess cell loss in

thrombocytopoiesis.

3.3.4 Simulation Example

Figure 3.28 shows a simulation of the thrombocyte counts of the peripheral blood of a

dog irradiated with 18.8 mSv/d gamma irradiation from a 60Co source. The occurence

of a new steady state value in the model thrombocyte counts is characteristic for the

basic assumption of a permanent excess cell loss.

3.3.5 Examination of System Characteristics

Figure 3.29 shows the contents of the model cell numbers in the compartments PS and

TH as a function of the steady state (boundary) excess cell loss rate ε∗. The shown

lines are interpolated between values, which were calculated by long time simulations

to achieve good approximations of the model steady state values. The figure shows two

important changes in the thrombocytopoietic system under chronic radiation exposure:

• The content of the model stem cell compartment PS is more affected than the

thrombocyte compartment TH.
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Figure 3.28: Experimental data and simulation result of the thrombocyte counts in
the peripheral blood of a dog continously irradiated with 18.8 mSv/d from a 60Co
source. Data from Dr. Fritz and Dr. Seed, Argonne National Laboratory, USA.
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Figure 3.29: New steady state values of the model compartments PS and TH as a
function of the steady state excess cell loss rate ε∗.
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• The contents of the compartments drop dramatically near to a certain limit value

of excess cell loss .

The conclusion that can be drawn from this facts is that the earlier stages of the

hematopoietic system, especially the pluripotent stem cells, are stronger affected by

radiation induced excess loss than it is recognized by the peripheral blood counts. In

the case of low platelet counts the thrombocytopoietic system is already at high risk

to fail if further stresses appear.

The very sensitive state of the hematopoietic system in case of low platelet counts

can be analyzed further if the cell loss rate is a changing variable. The mathematical

technique for this problem is stochastic simulation.

3.3.6 Stochastic Simulation of Permanent Excess Cell Loss

In the previous simulations it was assumed, that the parameters of the model are not

additionally influenced from other physiological disturbances. This is not true for real

biological systems or organisms. Variance can be of great importance in areas, where

the characteristics of systems are dominated by nonlinearity. In such areas very small

changes of variables can cause dramatic changes in the whole system. The analysis

of the new steady state model cell numbers in the TH and the PS compartment as

a function of the excess cell loss rate showed such a small region with very dramatic

changes in cell numbers. If the constant excess cell loss rate ε∗ is replaced by a

probability variable which changes in time, it is possible to simulate the consequences

of such a stochastically varying value.

3.3.6.1 Observed Survival Times in Experimental Animals

Indications for nonconstant and rather stochastic characteristics of the disturbed

hemopoietic system can be found for example in observations of the Argonne dogs.

Figure 3.30 shows the thrombocyte counts of selected dogs, which were not observed

to develop radioresistancy with long time recovery of thrombocytopoiesis. The throm-

bocyte counts stop at the death times of the dogs. As can be seen the survival times

of these dogs are widely distributed, and death in general appears in connection with

a rapid drop in platelet counts. The question arises if and how this can be explained
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Figure 3.30: Platelet counts of several selected dogs of the 75 mSv/d group of the
Argonne Experiment.

with the help of the proposed model of thrombocytopoiesis under permanent excess

cell loss.

3.3.6.2 Explanatory Stochastic Approach

The assumption of constant biological parameters, like described above, is not true for

real biological systems. Variation of parameters could be an explanatory approach,

for example, for the widely distributed survival times observed in animal experiments

(figure 3.30). In order to test the influence of stochastic disturbances to the model

dynamics it is necessary to perform stochastic simulations, in which constant param-

eters are extended by a stochastic disturbance. Written in the syntax of the proposed

model equations, ε∗ is replaced by

ε∗(t) = ε∗ + ω(µ,σ)(t) (3.136)

where

ω(µ,σ)(t) = ω
(µ,σ)
i if ti−1 ≤ t < ti (3.137)
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Figure 3.31: New model steady state values as a function of the excess cell loss rate
and the assumption of a stochastically varying excess cell loss rate with a possible
probability distribution.

and

(ω
(µ,σ)
i )i=1...n = normal distributed random numbers of N(µ, σ) . (3.138)

3.3.6.3 Stochastic Simulations

For examination of the reactions of the model to stochastic changes in the excess cell

loss rate the time points for change

ti = i · 1000 h i = 1...n (3.139)

were used. The used parameters of the normal distribution were

µ = 0.01 (3.140)

σ = 0.001 .

Figure 3.32 shows the content of the TH compartment of 4 stochastic simulations with
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Figure 3.32: Several simulation results under the assumption of a stochastically
distributed permanent excess cell loss. The different dotted and continous lines repre-
sent the different simulations. The arrows mark points where the (simulated) platelet
counts reach (virtual) life threatening values.

the given distribution parameters. The lines of the platelet counts show the strong

variations of the (simulated) platelet count. It can be recognized, that a coefficient of

variation of 10% in the excess cell loss rate can result in a drop of platelet counts down

to 1% or even lower. The simulated system can recover to higher values. This recovery

would of course not be possible for an experimental animal, which would have a high

probability to die from spontaneous bleeding at such a low platelet level.

3.3.7 Estimation of Radiation Induced Average Excess Cell

Loss Rates

With the extended model of thrombocytopoiesis for permanent excess cell loss it is

possible to estimate the excess cell loss rate ε∗ from experimental data. This is done

by least square fitting of the simulated platelet count as a function of time against

experimental data. A trust region based optimization algorithm was used for opti-

mization . In several fitting procedures a value of 0.001 for the steepness parameter

c of the excess cell loss function ε(t) was determined to give good approximations for

simulations of all dose groups. Figures 3.33a-f and 3.34 show the experimental data

and the simulation results, which were determined by least square fitting. Table 3.4
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summarizes the dose rates and the corresponding excess cell loss rates ε∗.
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(f) 75.0 mSv/d

Figure 3.33: Platelet counts of chronically irradiated and control dogs. Dose rates
0.0-75.0 mSv/d. Experimental data and simulation of the fitting result. Excess cell
loss rate ε∗ given in [1/h], estimated by least square optimization.
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Figure 3.34: Platelet counts of chronically irradiated dogs. Dose rate 127.5 mSv/d.
Experimental data and simulation of the fitting result. Excess cell loss rate ε∗ given
in [1/h], estimated by least square optimization.

Dose [mSv/d] ε∗ [Fraction of cells lost per h] ε∗ [% of cells lost per h]
0.0 (control) 1.6 · 10−11 1.6 · 10−9

3.0 0.0011 0.11
7.5 0.0007 0.07
18.8 0.0016 0.16
37.5 0.0049 0.49
75.0 0.0091 0.91
127.5 0.0123 1.23

Table 3.4: Daily dose rates applied in the Argonne experiment and estimated excess
cell loss rates. Dose in [mSv/d]. Estimated excess cell loss rates ε∗ in [Fraction of cells
lost per h] and [% of cells lost per h].
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3.4 Excess Cell Loss and Microdosimetric

Radiation Effects

In modern dosimetry the common abstract size ”dose” which indicates the amount of

energy absorbed by a mass unit is replaced by methods which put more emphasis on

the discrete character of the energy deposition events of radiation.

Ionizing radiation desposits energy in discrete packages. The mechanisms of energy

transfer are based on interactions with atoms of the irradiated structure. Thus, not

only the total amount of energy absorbed per mass (i.e. dose) but the characteristics

of these discrete interaction may influence the effect of ionizing radiation to biological

cells and tissues or other structures.

For this reason the estimated excess cell loss rates are compared to microdosimetric

discrete energy deposition events.

3.4.1 Average Number of Particle Traversals per Cell

One method to characterize the effects of ionizing irradiation on the level of biological

cells is the number of particle traversals per cell and time unit. These characterization

becomes important in connection with cellular repair mechanisms [26].

3.4.1.1 Calculation of the Mean Energy Deposition per Particle

Traversal per Cell of 60Co Based on Microdosimetric Spectra

Following the microdosimetric spectrum of 60Co gamma radiation [43] for volume diam-

eters in the order of magnitude of cells the inear energy transfer (LET) of the Compton

electrons, which are induced in a cascade of photon-electron scattering processes (see

3.4.3) of the γ-photons of 60Co , has a mean value of ≈ 0.3 keV ·µm−1:

¯yγ,60Co ≈ 0.3 keV · µm−1 (3.141)
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For calculation of the energy hit size per cell a spherical cell with a diameter of

dcell ≈ 10µm (3.142)

or radius

rcell ≈
1

2
· 10µm (3.143)

≈ 5µm

is assumed. The mean traversal length through the cell s̄ is calculated as:

s̄ = 2 · 1
r
·
∫ rcell

0

√
r2 − x2 dx (3.144)

= 2 · 1
r
·
[
1

2
(x ·

√
r2 − x2 + r2 · arcsin

(x
r

)]r

0

= 1.5780 · r

≈ 7.890µm

Thus, the average particle traversal energy deposition per cell is calculated as

Ecell ≈ 7.890µm · 0.3 keV · µm−1 (3.145)

≈ 2.367 keV

≈ 3.7872 · 10−16 J .

The average partical traversal dose by an estimated cell mass of 1 ng is

zcell ≈ 3.7872 · 10−16 J · (ng)−1 (3.146)

≈ 3.7872 · 10−16 J · (10−12kg)−1

≈ 3.7872 · 10−4 J · kg−1

≈ 3.7872 · 10−4Gy .
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Dose [mSv/d] ncell−traversals/d ∆t[h]
0.0 (control) 0 -

3.0 7.812 3.072
7.5 19.53 1.229
18.8 48.96 0.490
37.5 97.65 0.246
75.0 195.3 0.123
127.5 332.0 0.072

Table 3.5: Daily dose rates of the Argonne experiment in mSv/d, overall average
number of particle traversals per cell per day ncell−traversals/d, mean duration between
cellular hits ∆t in h.

3.4.1.2 Calculation of the Mean Number of Particle Traversals Per Cell

for a Given Dose

If it is assumed that all energy of a received dose is transmitted to the cellular tissue,

the overall average number of particle traversals per cell at a dose of 1 Gy can be

calculated as:

n̄ = n̄traversals/cell,1Gy ≈ 2.6405 · 103 (3.147)

The corresponding values for the Argonne dose rates are shown in table 3.5. Addi-

tionally, the mean durations ∆t between the single hits are given.

The calculated mean numbers of particle traversals should not be interpreted in the

way that every cell receives exactly these values, since the hit numbers are distributed

by random. The statistical distribution for the number of hits per cell is the Poisson

distribution, which is given by the equation

p(n) = e−n̄ · n̄
n

n!
(3.148)

where

p(n) = probability of exactly n hits (3.149)

n̄ = overall average number of hits per cell . (3.150)

Figure 3.35 shows the cumulative density functions of the Poisson distributions for
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Figure 3.35: Cumulative Poisson density functions of the received hit numbers per
cell. distributions calculated for the daily doses of the Argonne experiment.

the numbers of received particle traversals per cell. The distribution parameters are

calculated according to the daily doses of the Argonne dogs.

Figure 3.36 shows the excess cell loss rate in %/d as a function of the (microdosimetric)

average number of particle traversals per cell and day.

3.4.2 Calculations Based on Received Photon Numbers

In the Argonne experiment a sealed 60Co radiation source was used. Therefore, the

absorbed energy in the tissue of the dogs was transferred by γ irradiation. Seen from

the physical viewpoint, γ irradiation consists of photons.

In the following section the numbers of absorbed γ photons are calculated for the dose

ranges of the Argonne experiment.

3.4.2.1 Calculation of the Received Photon Number per Dose

The dogs of the Argonne experiment described above were irradiated with γ-rays

emitted by a 60Co radiation source. Per nuclear reaction 60Co emittes two γ photons

γ0,1 and γ0,2 with the energies

Eγ0,1 ≈ 1.33MeV (3.151)
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Figure 3.36: Estimated excess cell loss rate ε∗ in per cent of lost cells per day as a
function of the average number of particle traversals per cell and day.

Eγ0,2 ≈ 1.17MeV (3.152)

[54] [59]. The mean photon energy Eγ0 is

Eγ0 =
Eγ0,1 + Eγ0,2

2
(3.153)

= 1.25MeV .

A sealed radiation source was used for the Argonne dog experiment . This means,

that the received energy is transferred only by photons. If the received energy dose

Dreceived = 1Gy = 1
J

kg
(3.154)

one can calculate the number of photons, which are necessary to carry this dose of 1

Gy as

Nγ0 ,1Gy =
Dreceived

Eγ0

(3.155)

=
1Gy

1.25MeV

=
1 J
kg

1.25 · 1.602 · 10−19C · 106V
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=
1 J
kg

1.25 · 1.602 · 10−13J

=
4.9936 · 1012

kg

≈ 5 · 1012
kg

.

3.4.2.2 Calculation of the Number of Elementary Reaction Products per

Photon Based on the G Value

The number of molecules or radicals generated by a certain radiation type can be

calculated from the photon energy with the so called G-value [55]:

G =
number of produced molecules or radicals

100 eV transferred energy
(3.156)

For 60Co, the mean G value over all types of molecules and radicals equals about 7:

G60Co ≈
7

100 eV transferred energy
(3.157)

Thus, the number of reaction products for the mean photon energy of 60Co is calculated

as

Nr,photon = Eγ0 ·G60Co (3.158)

= 1.25MeV · 7

100 eV transferred energy

= 8.75 · 104 .

3.4.2.3 Calculation of the Number of Elementary Reaction Products per

kg Tissue Based on the G Value

The number of reaction products generated by 1 Gy irradiation in 1 kg tissue from a

60Co source is calculated by:

Nr,1Gy = Nr,photon ·Nγ0 ,1Gy (3.159)

= 8.75 · 104 · 5 · 10
12

kg



130 Results

= 4.375 · 1017 · 1

kg

3.4.2.4 Calculation of the Number of Elementary Reaction Products per

Cell at 1 Gy Based on the G Value

If the mean mass of a cell is assumed to be about

mcell ≈ 1ng (3.160)

the average number of elementary reaction products per cell from a received dose of 1

Gy can be calculated by the mass ratios:

Nr,1Gy,cell = Nr,1Gy ·
mcell

1 kg
(3.161)

= 4.375 · 1017 · 1ng
1 kg

= 4.375 · 105

3.4.2.5 Calculations on the Argonne Experiment

In the Argonne experiment dogs were irradiated continously at different dose rates. If

Di denotes the received daily dose, then the number of generated reaction products

per day Nr,cell,d satisfies the equation:

Nr,cell,i,d = Di ·Nr,1Gy,cell (3.162)

The results for the different dose rates from 0-127.5 mSv/d are shown in table 3.6.

3.4.3 Calculations Based on the Photon-Electron Transfer

The most important mechanisms of radiation matter interaction are based on the

interaction of photons with the shell electrons of the atoms. The most frequent photon

electron interactions (in the dose range of the Argonne Experiment) are the Compton

effect and the photo electric effect. Electrons are set free and transfer their energy

multiple hits which can cause ionization of numerous molecules. In the following
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Dose [mSv/d] Nr,cell/d
0.0 (control) 0

3.0 1.313 · 103
7.5 3.281 · 103
18.8 8.225 · 103
37.5 1.640 · 104
75.0 3.281 · 104
127.5 5.578 · 104

Table 3.6: Daily dose rates of the Argonne experiment in mSv/d and and corresponding
calculated number of elementary reaction products per day (Nr,cell/d).

section the radiation induced numbers of molecular events caused by these electrons

are calculated based on these effects.

3.4.3.1 Calculation of the Photon-Electron Energy Transfer to Primary

Electrons based on Compton and Photo Electric Effect

For photon energies in the area between 0.1-3 MeV photon matter interaction happens

nearly exclusively by the Compton effect (photon scattering by shell electrons with

energy transfer) [49]. Below this energy range the photo-electric effect appears. For

photon energies below 50 keV the photo-electric effect is the dominant interaction

process [49]. The remaining energy is carried by a photon of less energy, which again

can cause another Compton electron. This repeats, until the energy of the photon is

to low for the Compton effect. The remainder of the photon energy then is transferred

to another electron within one hit by a photo electric reaction. For a γ photon of the

energy Eγ0 = 1.25 MeV the mean remainder energy of the scattered photon is ≈ 50%

[56]. For the scattered photon one can calculate an energy of

Eγ1 = 0.5 · Eγ1 (3.163)

= 0.625MeV .

For the Compton electron, which receives the lost energy, the result is

Ee−
1
= Eγ0 − Eγ1 (3.164)

= 0.625MeV .
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i type pet [%] Eγi [MeV] Ee−i
[MeV] Eγi/Eγ0 nmol−hits,i

1 Compton 50 0.6250 0.6250 0.5000 10417
2 Compton 60 0.3750 0.2500 0.3000 4166
3 Compton 65 0.2438 0.1312 0.1950 2187
4 Compton 70 0.1706 0.0731 0.1365 1218
5 Compton 78 0.1331 0.0375 0.1065 625
6 Compton 80 0.1065 0.0266 0.0852 443
7 Compton 85 0.0905 0.0160 0.0724 267
8 photo electric - 0 0.0905 0 1508

Sum 20831
Energy = 20831 · 60 eV

= 1.249860 MeV

Table 3.7: Cascade of photon-electron scattering processes of 1 60Co γ photons. i =
process number. type = type of scattering process. pet = photon energy transfer Eγi−1

to Eγi in %. Eγi = energy of Compton photon in [MeV]. Ee−i
= energy of Compton

electron in [MeV]. nmol−hits = calculated number of molecular energy deposition events.

For the second Compton process the mean energy transfer to the scattered photon is

about 60% :

Eγ2 = 0.6 · Eγ1 (3.165)

= 0.6 · 0.625MeV

= 0.375MeV

and the electron receives:

Ee−
2

= Eγ1 − Eγ2 (3.166)

= 0.625MeV − 0.375MeV

= 0.25MeV

A chain of Compton processes is assumed, until the remaining energy of the Compton

photon is below 0.1 MeV, according to [49]. The result of this cascade of Compton

processes is shown in table 3.7.
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Dose [mSv/d] Nmol−hits,cell/d
0.0 (control) 0

3.0 3.13 · 102
7.5 7.81 · 102
18.8 1.96 · 103
37.5 3.91 · 103
75.0 7.82 · 103
127.5 1.33 · 104

Table 3.8: Daily dose rates of the Argonne experiment in mSv/d and corresponding cal-
culated number of molecular energy deposition events per cell and day (Nmol−hits,cell/d).

3.4.3.2 Calculation of the Number of Molecular Energy Deposition

Events of the Primary Electrons Based on Compton and Photo

Electric Effect

As described before, the energy of the Compton and photo electric electrons is trans-

ferred to the surrounding tissue by a number of elementary energy deposition events.

These molecular hits in general dissociate water molecules and generate free radicals

(fragments of molecules). Following [44], the average energy transfer ∆E of one hit

of a fast electron in tissue is ≈ 60 eV. The number of single molecular-hit events per

electron are calculated as

nmol−hits,i =
Ee−i

∆E
(3.167)

nmol−hits,i =
Ee−i

60 eV
.

The calculated molecular hit numbers are shown in table 3.7. One 1.25 MeV photon

generates a number of

nmol−hits,γ = 20831 (3.168)

microhits in tissue. Since for a dose of 1 Gy a photon number of

Nγ0,kg ≈
5 · 1012
kg

(3.169)
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was calculated, the corresponding number of micro hits caused by 1 Gy γ irradiation

from a 60Co source in tissue is

nmol−hits,1Gy = nmol−hits,γ ·Nγ0,kg (3.170)

= 20831 · 5 · 10
12

kg

= 1.042 · 1017 · 1

kg
.

That means for an average cell of mass 1 ng an average number of molecular hits of:

nmol−hits,1Gy,cell = 1.042 · 1017 · 1

kg
· 1ng (3.171)

= 1.042 · 1017 · 1

kg
· 10−12 · kg

= 1.042 · 105 .

With the help of this value the average numbers of molecular hits per cell and day in

the Argonne dog experiment can be calculated. The results are summarized in table

3.8.

Dose [mSv/d] n1 ∆t [h] n2 n3 ε∗ [ 1
h
]

0.0 (control) 0 - 0 0 1.6 · 10−11
3.0 7.812 3.072 1.313 · 103 3.13 · 102 0.0011
7.5 19.53 1.229 3.281 · 103 7.81 · 102 0.0007
18.8 48.96 0.490 8.225 · 103 1.96 · 103 0.0016
37.5 97.65 0.246 1.640 · 104 3.91 · 103 0.0049
75.0 195.3 0.123 3.281 · 104 7.82 · 103 0.0091
127.5 332.0 0.072 5.578 · 104 1.33 · 104 0.0123

Table 3.9: Dose = daily dose rates of the Argonne experiment in mSv/d n1 = cor-
responding overall average number of hits per cell per day ncell−traversals/d. ∆t =
average duration between two hits per cell in hours. n2 = number of elementary reac-
tion products per cell per day calculated from the microdosimetric G-value (Nr,cell/d).
n3 = number of molecular hits per cell per day calculated from the photon-scattering
cascade (nmol−hits,cell/d). ε

∗ = estimated excess cell loss rates given as fraction of cells
lost per h.



3.4 Excess Cell Loss and Microdosimetric Radiation Effects 135

3.4.4 Summarized Results of the Microdosimetric

Calculations

Table 3.9 summarizes the results of the estimations of excess cell loss rates and the

results of the different microdosimetric methods to describe the effects of chronic ir-

radiation on the cellular level. The calculations were performed for the dose groups

of the Argonne experiment. Shown are the average daily dose, the number of particle

traversals per cell and day (cell hits), the average time between these hits, numbers

of molecular reactions calculated by different methods and the model based estimated

excess cell loss rates.
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4.1 Modeling Thrombocytopoiesis in Rodents

In section 3.1 a biomathematical model of thrombocytopoieis was constructed to repro-

duce the steady state cell production and the regulation dynamics of the megakaryocyte-

platelet renewal system in rodents. The compartment structure of the model reflects

the current biological concepts of hematopoiesis and thrombocytopoiesis in mam-

malians. The kinetic parameters of the model were calculated from experimental data

of animal experiments as far as available. Where no data were available, parameters

were chosen in a physiological reasonable way to fit to other experimentally derived

parameters. The model is set up in a modular approach which makes it easier to

modify and extend.

4.1.1 Comparison to Models of Other Authors

Wichmann et al. [98] describe a model of thrombocytopoiesis which consists of com-

partments for stem cell numbers, megakaryocyte numbers, megakaryocyte volume,

thrombocyte numbers and thrombopoietin. Pluripotent stem cells, progenitors and

precursors are pooled together in one stem cell compartment. Special characteristics

of pluripotent stem cells are not included.

Selivanov and Lanin [86] use compartments for earliest megakaryocyte precursor cells,

later megakaryocyte precursor cells, megakaryocyte numbers and volume and give

more emphasis to age structure characteristics. A compartment describing the special

characteristics of pluripotent stem cells is not part of their model.

Eller et al. [24] include compartments for committed progenitors, megakaryocyte

numbers, thrombocyte numbers, chalones and thrombopoietin, but not pluripotent

stem cells and megakaryocyte volume or ploidy.

The model of Kodym [52] includes compartments for early committed progenitors, late

committed progenitors, endoreduplicating megakaryocytes, four ploidy-classes of the

maturing megakaryocytes and thrombocytes. A pluripotent stem cell compartment is

not implemented.

In contrast to this previous work the presented model is explicitely constructed to

fulfill the following criteria:
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• The model reflects the physiological realities of thrombocytopoiesis and hemato-

poiesis. No artificial compartments whithout biological correlates were included

into the model structur.

• The special characteristics of the pluripotent stem cell compartment like self re-

production probability and mitotic activity were explicitely set up in the model.

This is essential for the simulation of stem cell recovery after total body irradi-

ation (TBI).

• The model reflects the heterogeneity of the megakaryocyte population. This is

necessary for accurate enough simulations of the short time pattern of thrombo-

cyte counts after TBI. The accuracy is needed for the application of nonlinear

optimization routines (least-square fitting of model thrombocyte counts against

experimental data) to estimate remaining stem cell numbers after TBI.

4.1.2 Approaches to Validation and Verification of the

Model

Validation and verification was done in two steps. First, the steady state model was

compared to experimental cell concentration data. In the next step the dynamics of the

model were compared to experiments on imposed disturbances of thrombocytopoiesis.

4.1.2.1 Verification and Validation of the Steady State System

The steady state (model) cell numbers were compared to experimentally derived cell

numbers of the rat. The explicit calculations were performed in section 3.1.5.1. Model

cell numbers and corresponding model cell concentrations were calculated based on cell

turnover rates and other kinetic parameters of the model. The experimental cell con-

centrations were taken from data of different authors described in the literature. The

techniques of the experiments depend on the type of cells. Morphologically observed

data are available for differentiated cells, such as megakaryocytes and platelets. Cell

concentrations of earlier development stages of the thrombocytopoietic system have to

be detected by cell culture techniques which only can give indirect information. Thus,

they provide less accuracy. Deviations of one order of magnitude between experiments
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are quite normal. This is very important for interpretation of the validation calcu-

lations in section 3.1.5.1. Comparison of model and experimental cell numbers show

that the correlating cell concentrations of the model and of the experiments are all in

the same order of magnitude.

Thus, the model assumptions for the undisturbed system are compatible to the phys-

iology of thrombocytopoiesis like known from experiments.

4.1.2.2 Verification and Validation of the Disturbed System

Validation of the model dynamics in the case of disturbances was done by simulation of

different experiments and comparison of the simulation results to experimental data.

Simulations were performed for exchange and hypertransfusions with platelet poor

or enriched blood, administration of cytotoxic agents, and recovery after total body

irradiation. The simulation results and the experimental data are shown explicitely in

section 3.1.5.2.

The simulation results show that the model is able to reproduce completely different

disturbances to the thrombocytopoietic system satisfactory to be used as a valuable

tool.

4.1.2.3 Possibilities of Deviations between Model and Reality

Of course, some deviations of model cell numbers, simulation results, and experimental

data can be recognized. There are many possible reasons for deviations between model

dynamics and physiological reality:

• Deviation of experimental and ”real” cell numbers:

The proposed model reflects the development of platelets from the earliest stem

cell populations. In contrast to differentiated cells which can be examined very

precisely by morphologic experimental setups, the early development stages of he-

matopoiesis and thrombocytopoiesis are known from indirect experiments, such

as in-vitro cell culture experiments or labeling experiments. These experimental

techniques always imply the danger to produce unprecise results or experimental

artefacts.
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• Deviation of the structure of ”real world” and model regulation:

The regulators of the model are based in general on experimental observations,

physiological assumptions and mathematical reasons of stability. Not all assump-

tions which were necessary in the feedback regulations to reproduce compensa-

tion dynamics of the thrombocytopoietic system can be verified by experimental

results. Thus, it is possible that some structural aspects of the regulation mech-

anisms are not correct or are missing in the model.

• Deviation of ”real world” and model regulation functions:

There is no guarantee that the model regulation functions reflect exactly the

compensation mechanisms of the thrombocytopoietic system. The functions

used in the model were selected as mathematical and physiological reasonable

solutions with respect to numerical stability of the model. Biology surely has a

lot more possibilities for ”physiological” feedback functions.

4.2 Model Based Analysis of the Hematological

Effects of Acute Irradiation

Section 3.2 analyzed the application of model based methods to the hematopoietic

effects of chronic irradiation.

4.2.1 A Model Based Method for Estimation of Surviving

Fractions of Stem Cells from Blood Counts

In section 3.2.2 the basic model was extended by a compartment for an injured stem

cell population in order to simulate acute irradiation effects to hematopoiesis. Based on

this model, a method for the estimation of remaining stem cell numbers from platelet

counts in the blood after TBI was developed. The model was coded in MATLAB r©

and included into a nonlinear optimization routine. Mathematically speaking, the

estimation method is a model based least square estimator for surviving fractions of

stem cells. The estimation routine worked well in most cases regarding convergence

behaviour and estimation times.
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Figure 4.1: Model based estimated fractions of surviving cells in rats as a function
of the received dose. Data from Stein [87].

The application of the biomathematical model of thrombocytopoiesis to analyze radi-

ation effects opens the possibility to calculate survivng fractions of stem cells by using

exclusively data of the peripheral blood counts.

Pluripotent stem cells are distributed throughout the complete skeleton and are diffi-

cult to identify. The model based estimation opens a very elegant method to analyze

the effects of irradiation to these cell populations. Further, it allows the retrospective

evaluation of data of experiments and accidents, where no modern techniques of bone

marrow analysis were performed.

4.2.2 Estimation Results for Rat Data

In section 3.2.5 surviving fractions for stem cells were (model based) estimated from

data of X-ray irradiated rats of experiments done by Stein [87]. The results are sum-

marized in figure 4.1. There are no data for direct comparison of the model based

estimated surviving fractions of pluripotent stem cells to experimentally determined

surviving fractions of pluripotent stem cells in rats. For this reason, the model based

estimated surviving fractions of pluripotent stem cells of rats are compared to em-

pirical surviving fractions of CFU-S in mice. To calculate values for comparison, the
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Source Dose [Sv] SPS SCFU−S Comments
Stein 0.75 0.12 0.39
Stein 1.5 0.045 0.15
Stein 3.0 0.0057 0.024
Stein 4.5 0.0001 0.0036
Stein 6.0 0.0007 0.00055 data not sufficient
Ebbe 6.5 0.00063 0.00030 different setup

Table 4.1: Comparison of model based estimations and experimental based cal-
culations of surviving fractions of stem cells. Dose = received dose in Sv.
SPS = SPS,model,X−ray,rat = model based estimated pluripotent stem cell numbers in
rats. SCFU−S = SCFU−S,calc.,X−ray,mouse = experimentally determined numbers of CFU-
S in mice.

empirical dose survival relationship

S = 1− (1− e
− D
D0 )n (4.1)

where

S = surviving fraction of cells

D = received dose

D0 = dose for reduction of S to 0.37

n = extrapolation number

is used. The extrapolation number n represents the idea of multi-hit models [42] [9]

[57]. Like D0, it is determined by fitting of the dose survival model equation 4.1 against

experimental data. A review on radiation sensitivities of bone marrow cells [53] gives

D0 values of about 0.8 Gy and n values of 1.0 for CFU-S in mouse bone marrow.

Table 4.1 compares the values of the different methods for determination of surviving

fractions at different dose rates. The data for the row at 6.0 Sv were not sufficient for

a satisfactory estimation, since the experimental animal died within a short time. The

data for the 6.5 Sv data are taken from an other experimental setup. Therefore, the

last two rows of the table for the doses 6.0 Sv and Sv Gy were not used for further

evaluations.

Figure 4.2 shows the correlation of the surviving fractions of model stem cells for
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Figure 4.2: Scatter plot of model based estimated surviving fractions of pluripotent
stem cells in rats and D0 based experimentally derived surviving fractions of mouse
bone marrow CFU-S at equal received doses.

the doses 0.75 - 4.5 Sv estimated from rat data SPS,model,X−ray,rat and the surviving

fractions of CFU-S for the same doses calculated using equation 4.1.

It can be recognized that the estimated surviving fractions differ in their absolut values.

On the other hand, the different estimation approaches result in proportional survival

fractions for the different methods.

Reasons for the non-matching in absolute values, but proportionality can be:

• Deviations in the measured doses between the experiments.

• Different radion sensitivities between bone marrow cells in rats and mice.

• Deviations between model and physiology of thrombocytopoiesis. Such a devia-

tion can be, for example, differing numbers of cell divisions in the model and in

reality.

It can be assumed that the deviations are a result of combinations of the above listed

reasons.

The obvious proportionality of the results shows that it is possible to make quanti-

fying estimations of surviving fractions of pluripotent stem cells in rats after TBI by
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using exclusively data of the blood counts. Thus, using the model method can give

assistance to assess surviving fractions of hematopoietic stem cells without cytological

bone marrow examinations.

4.2.3 Estimation Results for Human Data

The examinations in section 4.2.2 showed the correlation between the model based

stem cell estimations and the experimental results. For human radiation accident

victims, the basis for diagnosis and treatment are response categories (RCs). These

RCs were developed by an interdisciplinary team of international radiation accident

experts under the project name METREPOL (medical treatment protocols). Thus,

a point of interest is to examine the correlation between the severity of the acute

radiation syndrome described by the RCs and the damage of the stem cell pool.

Figure 4.3 shows the relationship of the estimated remaining fractions of pluripotent

and injured (model) stem cell numbers and the METREPOL response categories.

In response category 4 the estimations for two cases resulted in values which are of

orders of magnitude like found in RC1. The reason is the short time span of the data.

The very severly affected patients (cases 1012 and 1026) died within a short time after

irradiation. As a consequence, the available time span of data is about 20 days. Since

platelets and megakaryocytes have transit times of 8 - 10 days, this duration is too

short for reasonable estimations of the PS and PSinj compartments. One patient (case

3088) lived longer and a better estimation of stem cell numbers was possible.

4.3 Model Based Analysis of the Hematological

Effects of Chronic Irradiation

The application of the biomathematical model of thrombocytopoiesis to analyze the

effects of chronic irradiation resulted in an model for radiation induced permanent

excess cell loss in the proliferating parts of thrombocytopoiesis (section 3.3.3).

The model explains the development of suppressed steady state cell numbers in the

thrombocytopoietic system (section 3.3.4). Of course this steady state effect sometimes
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Figure 4.3: Model based estimation results of stem cell numbers in patients of diffe-
rent clinical response categories (see text) after irradiation accidents.

can be overlaied by other effects. Such effects are, for example, the development of

acquired radioresistance or development of leukemia (section 3.3.1).

The analysis of the compartment contents of the model as a function of the excess cell

loss rate demonstrated the existence of a certain critical value of the excess cell loss

rate (section 3.3.5). Near to this value, the cell numbers of the thrombocytopoietic

system and of the stem cell pools can drop to life threatening values. Comparison of

the contents of the thrombocyte (TH) and pluripotent stem cell (PS) compartments

(figure 4.4) shows that the remaining fractions of pluripotent stem cells are far below

remaining fractions of thrombocytes (relative to normal values). From the medical

viewpoint this means that in the case of radiation induced suppressed platelet counts,

the stem cell system is affected in a significant more severe degree than would perhaps

be assumed by interpretation of thrombocyte counts..

Stochastic simulations with small variances showed the dramatic dynamics of the

thrombocytopoietic system in an area near to the critical value (section 3.3.6). Thus,

stochastic interpretations can give an explanatory approach to widely distributed sur-

vival times in experimental animals.

Pathophysiological interpretations of the model analysis shown in figure 4.4 resulted

in the assumption of the presence of different states of the hematopoietic system under

the stress of chronic irradiation:

• In the first area the thrombocytopoietic system is able to compensate the excess

cell loss. Further, it is not affected by small stochastic variations of the excess
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Figure 4.4: New model steady state values of the TH and PS compartments as a
function of the excess cell loss rate.

cell loss rate. Thus, this area was interpreted as a state of compensated platelet

production.

• Near to the critical value of the excess cell loss rate, there exists an area where

the thrombocytopoietic system is very sensitive to small stochastic variations

of the excess cell loss rate. According to the unpredictable stochastic system

failure, this states of the system are assigned to a turbulence region.

• If the excess cell loss rates exceedes the critical value, this leads to an depletion

of the thrombocytopoietic proliferation pools, failure of platelet production, and,

as a consequence, to the death of the organism by bleeding.

4.4 Excess Cell Loss and Microdosimetric

Radiation Effects

A model based least-square estimator for the estimation of excess cell loss rates from

experimental data was implemented with nonlinear optimization algorithms (section

3.3.7). Using the data of dogs which were permanently exposed to defined daily radi-

ation doses of a 60Co source, explicite excess cell loss rates for each dose group were

estimated.
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Figure 4.5: Model based estimated excess cell loss rates ε∗ based on data of the Ar-
gonne experiment as a function of the calculated average number of particle traversals
per cell and day.

In section 3.4 the average numbers of particle traversals per cell per day were calculated

for the dose groups of the Argonne experiment following Feinendegen [26]. The calcu-

lations are based on the linear energy transfer (LET), microdosimetric event spectra

in tissue [43], specific energies of the 60Co photons, and daily received radiation doses

of the dogs.

In the investigated dose area from 3.0 mSv/d to 127.5 mSv/d the correlation of the

excess cell loss rate and the average number of particle traversals per cell was almost

linear. Figure 4.5 shows the estimated excess cell loss rates plotted over the average

number of particle traversals per cell. A nearly linear relationship between the number

of average particle traversals per cell per day and the estimated average excess cell

loss rates can be observed in the dose area of 3.0 - 127.5 mSv/d.

In the sections 3.4.2.2 and 3.4.3 numbers of radiation induced molecular reactions

per cell and day were calculated using different aproaches based on the G-value and

the photon-electron scattering process by the Compton effect. The G-value based

calculated values were between 1.3·103-5.6·104 reaction products per cell and day for

the dose rates 3.0-127.5 mSv/d of the Argonne experiment. The Compton effect

based calculated values were between 3.13·102-1.33·104 molecular hits per cell and

day. Following Feinendegen [26], it has been estimated that about 103 molecular
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attacks per cell per minute are produced by normal cell mebatolism. This equals to

a ”background” radical attack number of 103 · 60 · 24 = 1.44 · 106 per cell and day.

The interesting point is that the radiation induced values are 1-2 orders of magnitude

below the values caused by normal metabolism. The fact that an excess cell loss is

detected, shows the special quality of of the effects of ionizing radiation.

The connection of model based estimation of excess cell loss rates in hematopoietic

cell pools on the one hand and microdosimetric calculations on the other hand defines

a completely new method for the in-vivo analysis of effects of chronic irradiation. At

the moment there exist no standard methods for the estimation of excess cell loss rates

by biological techniques.

4.5 Next Steps

One interesting application of the presented modeling work could be, for example, to

determine the correlation between estimated model pluripotent stem cell numbers and

numbers of CD34 positive cells in bone marrow transplantations. The assumptions

and parameters of the pluripotent stem cell compartment are derived from CFU-S

cells. The CFU-S are only detected by animal experiments with mice. Human bone

marrow cells which are histogenetically close to the pluripotent stem cell are CD34

positive cells. It is assumed that the pluripotent stem cells are a subset of the CD34

positive cells. Thus, the numbers of CD34 cells should be proportional to the number

of pluripotent stem cells. This hypothesis could be tested using data of the recovery

of patients after bone marrow transplantations.

Another possible application is to use the entire model or parts of it for quantifications

of the short time response patterns in thrombocyte counts of humans after acciden-

tal radiation exposure. Thus, the model should, in connection with models of other

hematopoietic cell lines, provide a method for early diagnosis of the severity of the

degree of the hematopoietic radiation syndrome. With this function the model will be

part of a medical assistance system for the acute radiation syndrome.

Regarding the area of chronic irradiation effects other hypothesis, such as stochastic

variation of self replication probabilities, could be tested.
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A mathematically interesting point would be to examine the confidence intervals of

the constructed estimators. Since solutions of the system equations have to be per-

formed numerically, confidence intervals can not be derived analytically from the model

equations.

4.6 Conclusion

The developed biomathematical models and estimation routines in this thesis show

how the connection of biomedical research and applied mathematics can result in

completely new methods to gain information and new knowledge. Looking back to the

objectives of this thesis one can summarize the results as follows.

• A model of thrombocytopoiesis, reflecting the megakaryocyte/platelet renewal

system from the stage of the pluripotent stem cells to the blood platelets, was

developed. The model contains compartments for pluripotent stem cells, non-

committed progenitor cells, early and late committed megakaryocyte precursor

cells, endoreduplicating cells, megakaryocytes in four ploidy groups and throm-

bocytes. The developed model is capable to reproduce thrombocytopoiesis in

steady state and under different imposed disturbances (exchange transfusion,

administration of cytostatic substances) in a satisfactory quality.

• To simulate acute irradiation effects to hematopoiesis, the developed basic model

was extended by a compartment for injured stem cells which are impaired in

their proliferative potential by radiation. Further, a model based least-square

estimator for stem cell numbers was implemented. The quality of the estimation

method was validated by comparison to data from experiments on rats. Model

based estimations of surviving fractions of pluripotent stem cells were propor-

tional to experimental results on CFU-S in bone marrow of irradiated mice.

• Model based estimations of surviving fractions in radiation accident patients were

used to examine the relationship of the degree of damage of the hematopoietic

stem cell pool and the clinical response categories (RCs) of the acute irradiation

syndrome. The estimations showed a dramatic decrease of stem cell surviving

fractions with rising severity degree of the response category.
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• The model was extended for simulation of permanent radiation induced excess

cell loss. Simulations showed that the extended model is capable to reproduce the

damaging effects of chronic irradiation to the hematopoietic stem cell pools. The

possibility of new steady states of platelet numbers during chronic irradiation

was shown.

• Examination of the characteristics of the model and pathophysiological interpre-

tations of the results delivered new explanatory approaches for experimentally

observed biological phenomena. Examples of randomly distributed survival times

were reproduced by stochastic simulations. A least-square estimation method

was set up to estimate excess cell loss rates from experimental data of chroni-

cally irradiated dogs.

• The received dose rates of the dogs of the used 60Co γ source were transformed

to the mean number of particle traversals (micro-hits) per cell and day and

other microdosimetric sizes. The number of micro-hits per day was compared

to the model based estimated excess cell loss rates in the dogs. In the examined

dose area of 3.0 - 127.5 mSv/d a nearly linear relationsship between the average

number of micro-hits (per cell and day) and the excess cell loss rate was observed.

The results clearly justify the model technique and the assumptions made for the

different research questions. New insights in the way ionising radiation affects the

mammalian and human organism could be elaborated.
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Summary

This thesis presents the application of biomathematical models of the megakaryocyte-

platelet system to be used in the analysis of radiation effects on hematopoiesis and

thrombocytopoiesis.

The basic structure of the used biomathematical models of thrombocytopoiesis fol-

lows the currently accepted biological model of hematopoiesis and thrombocytopoesis

in mammalians and humans. It contains compartments for pluripotent stem cells,

noncommitted progenitor cells, committed progenitor cells, endoreduplicating precur-

sor cells, megakaryocytes in the most important four ploidy groups 8N, 16N, 32N, and

64N, average megakaryocyte volume within the ploidy groups and platelets. Regula-

tory functions were included to represent the compensatory feedback mechanisms of

the megakaryocyte-platelet system.

The compartments, the regulator structure and the cell-kinetic parameters of the

model are derived from biological experiments such as in-vivo labeling with radioactive

DNA precursors, cell culture experiments, flow cytometry and others. For evaluation

of experiments and for building suitable submodels mathematical techniques were de-

veloped and implemented with numerical software packages.

As a first step a model of thrombocytopoiesis in rodents was developed. The model

was validated for steady state cell numbers and compensation dynamics after several

imposed disturbances. For analyzing the effects of acute irradiation to the hematopoi-

etic system the basic rodent model was extended for simulation of acute irradiation

effects and included into an estimation method which is able to calculate remaining

stem cell numbers based on the response patterns of platelet counts in the peripheral

blood after irradiation. The calculation method is in its mathematical structure a least

square estimator based on nonlinear optimization methods. Several experiments per-

formed with rats were evaluated. It was clearly shown that the depression of platelet

counts in rats after total body irradiation is a function of the damage of the stem cell

pool.
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For analyzing hematopoietic radiation effects on humans the cell kinetic parameters

of the model were transformed to fit the human thrombocytopoietic system. Further

a development-specific damage function for the megakaryocytes had to be set up.

Estimation of stem cell numbers was done using the techniques which were developed

for the rodent model. Analysis of patient data from radiation accidents resulted in a

clear correlation of the severity of the hematopoietic radiation syndrome described by

clinical response categories and the degree of the estimated damage of the stem cell

pool represented by surving fraction of pluripoten stem cells.

For application to chronic irradiation effects the model was transformed by calculat-

ing new cell kinetic parameters for dogs and extended by excess cell loss rates in the

model equations of the radiosensitive cell pools. Simulations of experimental results

of chronically irradiated dogs showed the existence of new steady-state values in the

thrombocyte counts of irradiated dogs. Analysis of the model cell numbers in de-

pendency of the excess cell loss rate can be summarized in the existence of a critical

limit value. Approximation of this limit value results in a dramatic drop in (model)

cell numbers. Introducing the excess cell loss rate as a stochastic variable shows the

existence of a turbulence region near to the limit value, in which small changes of the

excess loss rate can lead to a sudden failure of the hematopoietic system. Model based

estimations of the excess cell loss rate from experimental thrombocyte counts were

compared to microdosimetric quantities.

The developed models of thrombocytopoiesis with extensions for several kinds of ex-

ternal disturbances proofed to be capable to reproduce the real physiological processes

and to fulfill the objectives of this thesis. The special feature of the proposed biomath-

ematical methods is the possibility to assess in vivo the stem cell damage caused by

acute and chronic irradiation by using exclusively peripheral platelet counts.

Because of this advantage the models are planned to be used to build a module of an

assistance system for the medical management of radiation accident victims.
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